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Introduction

Collaborative Computing Project 2 (CCP2), supported by EPSRC, is the
CCP that has as its area of interest: ‘Continuum states of atoms and molecules’.
Clearly, this includes multiphoton processes involving atoms and molecules
and electron and positron scattering by atoms and molecules. CCP2 is
also involved in work on electron scattering by solids, the theory of Bose–
Einstein condensation and the interaction of antihydrogen with simple atoms
and molecules.

In 2005, Jonathan Tennyson and I were successful in an application to EPSRC
for support for a CCP2 flagship project to try to give a definitive explanation
for the very high positron annihilation rates that have been observed in positron
scattering by molecules such as acteylene (HCCH). See the New Scientist, 24-30
April 2004, page 34. These very high annihilation rates are thought to be to
be brought about by a resonant process involving the vibrational motion of the
nuclei of the molecule.

The project will combine expertise in CCP2 on accurate calculations on
positron-hydrogen-molecule scattering using the Kohn variational method and
the application of the R-matrix method to electron scattering by molecules to
develop an R-matrix method for carrying out accurate calculations of positron-
acetylene scattering. In the past, the R-matrix method has been applied to
positron-hydrogen-molecule scattering but this did not give accurate results as
the basis sets used were made up of configuration interaction functions that were
not able to describe positron-electron correlation adequately.

We have to be able to take this correlation into account accurately if our
positron-acetylene calculation is to have any hope of describing the very high
annihilation rate process satisfactorily. There is a large amount of expertise
amongst quantum chemists on how to take electron-electron correlation into
account accurately, in particular by including the interelectron distance as a
linear or other suitable factor in the basis sets used in variational calculations.

The aim of the Workshop, of which this booklet is the Proceedings, was to
bring together positron physicists and quantum chemists with the expertise just
described in treating electron-electron correlation to help us devise an accurate
method of taking into account positron-electron correlation using the R-matrix
method that can be applied to positron-acetylene scattering, in which the target
has fourteen electrons. We are very well pleased with the outcome.

Edward Armour
(Chairman, CCP2)
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Correlations in positron-atom scattering

J.W. Humberston and P. Van Reeth

Department of Physics and Astronomy, University College London,
London WC1E 6BT, UK

I. INTRODUCTION

Although the positron, the antiparticle of the electron, has the same mass
and intrinsic spin as the electron, its positive charge results in positron-atom
interactions being profoundly different from electron-atom interactions. The
projectile is now distinguishable from the atomic electrons, so exchange effects
are absent. Also, the positron’s attraction to the electrons and repulsion by
the nucleus makes the direct static interaction with the target atom repulsive
whereas the polarization interaction, being quadratic in the charge of the
projectile, remains attractive. Thus, two major components of the projectile-
atom interaction that are both attractive for electrons are of opposite sign
for positrons, resulting in the overall projectile-atom interaction being less
attractive for positrons than for electrons. The total scattering cross section
is therefore usually smaller for positrons than for electrons, particularly at low
projectile energies.

It is a popular misconception that the absence of exchange makes the
calculation of scattering parameters easier for positrons than for electrons;
simply remove exchange and change the sign of the projectile’s charge in
the electron-atom scattering codes. However, this procedure yields inaccurate
results because, in place of exchange, is the strongly correlated positron-electron
configuration of positronium, in the form of virtual states at incident positron
energies below the positronium formation threshold (Eth = Eion - 6.8 eV) and
real open channels at energies above the threshold. The accurate representation
of positron-electron correlations is essential if accurate values of the scattering
parameters are to be obtained.

The other significant difference between the two projectiles is that the positron
may annihilate with one of the atomic electrons, yielding two or three gamma-
rays depending on the spin state of the annihilating positron-electron pair being
singlet or triplet respectively. The spin-averaged cross section for annihilation at
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incident positron energies below the positronium formation threshold is usually
expressed as

σann = πr2
0

c

ν
Zeff , (1)

where r0 ( = e2/[4πεmec
2]) is the classical radius of the electron, ν is the

speed of the positron and Zeff is an effective number of electrons per atom
for annihilation. This parameter is a measure of the probability of the incident
positron being at the same position as any one of the atomic electrons, and
its value can be determined from the total positron-atom scattering wave
function Ψ(rp; r1, r2, . . . , rZ) normalized to unit positron density as the positron
coordinate rp →∞ by

Zeff =

Z∑

i=1

∫ ∣∣Ψ(rp; r1, r2, . . . , rZ)
∣∣2δ(rp − ri)drpdr1dr2 . . . drZ

= Z

∫ ∣∣Ψ(rp; r1, r2, . . . , rZ)
∣∣2δ(rp − r1)drpdr1dr2 . . . drZ . (2)

In the Born approximation Zeff = Z, the number of electrons in the target, but
the true value of Zeff may be very different owing to distortions of the total
wave function arising from the positron-atom interaction. At thermal energies,
∼ 40 meV, Zeff ≈ 9 for atomic hydrogen, ≈ 4 for helium, and the ratio (Zeff/Z)
is several thousand for some organic molecules. The accurate determination of
Zeff provides a particularly sensitive test of the accuracy of Ψ, albeit in a very
restricted region of configuration space where the positron-electron co-ordinate
r1p → 0, because the error in the value of Zeff is of first order in the error in
Ψ whereas errors in the scattering parameters, e.g. phase shifts, are usually of
second order in the error in Ψ.

The correct behaviour of Ψ close to the coalescent point r1p → 0, where
annihilation takes place, is Ψ ∝ (1 − 1/2r1p) in order to satisfy the ’cusp-
condition’ that the logarithmic derivative of the total wave function at this
point has the value −1/2. Thus, if a trial wave function is to provide an accurate
representation of the exact wave function, and therefore yield an accurate value
for Zeff , it should exhibit a similar linear dependence on the positron-electron
coordinate close to the coalescent point.

II. ELASTIC SCATTERING

One of us (JWH) first became involved in detailed theoretical investigations
of positron-atom scattering in 1970, soon after the establishment of the experi-
mental positron group at UCL. This group made what were the first reasonably
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accurate measurements of positron-atom total scattering cross sections, using
a mono-energetic positron beam obtained by moderating positrons emitted
from the radioactive isotope of sodium, Na22 (see Charlton and Humberston,
2001 [4], for more details of experimental procedures). However, such were
the uncertainties in the novel procedures employed in these experiments that
there was an urgent need for accurate theoretical results to compare with the
experimental measurements.

Low energy elastic scattering of positrons by the simplest target, atomic
hydrogen, had already been investigated theoretically in considerable detail,
most notably by Schwartz [10], but that process was not then amenable to
experimental investigation. Therefore, particular theoretical attention was given
to low-energy elastic positron- helium scattering, for which experimental results
had recently been obtained.

The Kohn variational method was employed for the determination of the
scattering phase shifts [7] using trial wave functions of the product form

Ψt(rp; r1, r2) = F (rp; r1, r2)ΦHe(r1, r2) , (3)

where ΦHe(r1, r2) is the wave function of the helium atom. As ΦHe is nodeless,
this product form does not impose any restrictions on the possible choice of
F (rp; r1, r2), which (for s-wave elastic scattering) was chosen to be

F (rp; r1, r2) =

√
k

4π

{
j0(krp)− tan η n0(krp)f(rp)

}
(4)

+ (1 + P12)

{
exp [−(αrp + βr1 + γr2)]

∑

i

cir
ki
p r

li
1 r

mi
1p r

ni
2 rpi2pr

qi
12

}
,

where r1p = |r1 − rp| etc., η is the phase shift and ci are linear variational
parameters. Thus, the total trial wave function can be written, in a self-evident
nomenclature, as

ΨT = S + tan η C +
∑

i

ciφi (5)

The summation included all short-range correlation terms φi with non-negative
integer powers of the six inter-particle distances satisfying the condition

ki + li +mi + ni + pi + qi ≤ ω , (6)

except that qi, the power of the electron-electron coordinate r12, was limited to
even values for numerical convenience. Increasing the integer value of ω then
provided a systematic means of improving the trial wave function, allowing the
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possibility of extrapolation to infinite ω to obtain a very accurate approximation
to the exact phase shift. The numbers of short-range terms generated by
equation 6 for ω = 1, 2, 3, 4, are 4, 14, 30 and 84 respectively (with qi even).

The above representation of the short-range correlations is an extension to the
four-body system of the correlation functions used so successfully by Schwartz
[10] in his studies of positron- and electron-hydrogen scattering.

The target wave function ΨHe(r1, r2) should be an exact eigenfunction
of the target Hamiltonian but, for all targets other than hydrogenic, an
approximate function must be used, even though this introduces inconsistencies
into the formulation of the Kohn variational method. There is evidence from
several other theoretical investigations of positron-atom scattering that this
inconsistency has a more serious influence on the results for positrons than for
electrons, probably because of the absence of exchange. However, for positron-
atom scattering the inconsistencies can be removed by using the ’method of
models’ [6]. This technique requires the total wave function Ψ to be expressed
in the product form of equation 3, and the approximate target wave function is
then assumed to be an exact eigenfunction of a model target Hamiltonian. Thus,
the real target is replaced by a model target, for which neither the form of its
potential energy function nor its energy need be determined. In particular, the
electron-electron interaction potential −1/r12 is absent from the formulation.
The interactions of the incident positron with all the particles in the target,
however, retain their exact Coulomb form.

The helium wave function was taken to be [8]

ΦHe = exp [−B(r1 + r2)]
∑

j

dj(r1 + r2)Lj (r1 − r2)Mj r
Nj
12 , (7)

where the summation includes all terms with non-negative integer values of Lj ,
Mj and Nj satisfying Lj + Mj + Nj ≤ ωHe, with even Mj to ensure spatial
symmetry and even Nj for numerical convenience. The linear parameters dj
were determined using the Rayleigh-Ritz variational method, and the parameter
B was varied until the dipole polarizability and the ground-state energy of the
target were as close as possible to the exact values.

In order to investigate the sensitivity of the elastic scattering cross sections to
the quality of the target wave function, several different helium wave functions
were used, from a simple one-term uncorrelated function (ωHe = 0) to a
fourteen-term function (ωHe = 4) providing a very accurate representation of
all the relevant properties of the helium atom.

The inclusion of only even powers of r12, the electron-electron coordinate,
in the short-range correlation terms and in the helium wave function is, of
course, a restriction on the flexibility of the total wave function, but it is
probably justifiable because of the repulsion between the two electrons. The
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advantage of this restriction was that the numerous matrix elements of the
form 〈φi|(Htot − Etot)|φj〉, where Htot and Etot are the total Hamiltonian
and the total energy of the system, required in the Kohn variational method
could be evaluated exactly. Exact integration over each of the six inter-
particle coordinates was achieved using Gauss-Legendre quadrature for those
coordinates having finite ranges of integration (r1p, r2p and r12) and Gauss-
Laguerre quadrature for those having infinite ranges (rp, r1 and r2), with a
relatively small number of quadrature points, no more than (ω + ωHe + 1) in
each range of integration. In the evaluation of matrix elements of (Htot −Etot)
involving the open channel terms S and C, exact integration over all coordinates
except rp was achieved using small numbers of quadrature points, as described
above, and the remaining integration over rp was performed using Gauss-
Laguerre quadrature with a sufficiently large number of points to obtain the
required accuracy. Further details of these numerical procedures have been
given by Armour and Humberston [1].

The regular pattern of convergence of the results with respect to systematic
improvements in both the scattering wave function and the target wave function
made it possible to conclude that the results obtained using the most elaborate
helium wave function were accurate to within a very few per cent of the exact
values [7]. Similar calculations for higher partial waves [2], allowed accurate
elastic scattering cross sections to be obtained for positron energies up to the
lowest inelastic threshold, that for positronium formation at 17.8 eV. The
availability of these accurate theoretical results helped to establish which of
several sets of measurements of the total cross section was the most accurate,
leading to the identification of significant systematic errors, such as the neglect
of small-angle scattering, in some experiments.

The Kohn variational method yields the optimum values of the linear
variational parameters in the trial wave function Ψt, enabling this function to be
expressed as an algebraic function of all the interparticle coordinates. It is then
a relatively simple task to determine Zeff using equation 2. The value Zeff = 3.90
obtained by Campeanu and Humberston [3] at 40 meV (thermal energy at
room temperature) compares well with the experimental result Zeff = 3.95
for thermalized positrons, derived from lifetime experiments. Good agreement
was also obtained between theory and experiment for the lifetime spectrum of
positrons diffusing and slowing down in dense helium gas before annihilating,
the input data to the diffusion equation being the calculated momentum transfer
and annihilation cross sections over a range of positron energies [3].

Several other tests of the quality of the positron-helium scattering wave
function at the positron-electron coalescent point have been made. The most
impressive of these is the comparison between theoretical and experimental
values of the distribution function for the Doppler broadening of the two gamma
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rays arising from the annihilation of singlet positron-electron pairs. The Doppler
shift in the energy of a gamma-ray from its value of mec

2 = 511 keV is a
measure of the total momentum p of the positron-electron pair at the coalescent
point immediately prior to annihilation, and the relevant probability distribution
function is

Γ(p) ∝
∫ ∣∣ exp(−ipr1)Ψ(rp; r1, r2)

∣∣2drpdr1dr2 . (8)

Excellent agreement was obtained between the most accurate theoretical results
and the most reliable measurements [16].

III. POSITRONIUM FORMATION

The accurate determination of the cross section for the rearrangement process
of positronium formation,

e+ +A→ Ps+A+ , (9)

provides an even more demanding test of the quality of the representation
of positron-electron correlations owing to the extended structure of the total
wave function as the two fragments, positronium and the ion, form in the
rearrangement channel. Indeed, this structure begins to manifest itself quite
significantly at energies just below the positronium formation threshold, to
the extent that additional correlation functions providing a more explicit
representation of the configuration of positronium weakly bound to He+ needed
to be included in the trial wave function for well-converged results to be obtained
and threshold features revealed [13].

The most detailed theoretical investigations of positronium formation in
positron-helium scattering have been made by Van Reeth and Humberston
[15,14,13] in the Ore gap, the energy range between the positronium formation
threshold at 17.8 eV and the lowest excitation threshold of helium (which
for positron impact is the 21S0 state, with its threshold at 20.6 eV, and not
the 23S1 state with its threshold at 19.8 eV). These authors employed a two-
channel version of the Kohn variational method for the K-matrix, with trial wave
functions containing many short-range correlation functions of similar form to
those described above.

The ’method of models’ cannot be used in a rearrangement process, and
inconsistencies in the formulation of the scattering problem associated with
the use of an inexact target wave function are therefore inevitable, resulting
in a breakdown in convergence of the scattering data when simple helium
wave functions are used. In order to minimize the possible effect of these
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inconsistencies, and avoid problems of convergence, a very accurate 22-term
helium wave function was used (ωHe = 4, but with no restriction to even powers
of r12) [15].

Matrix elements of the electron-electron interaction potential 1/r12 must
now be evaluated numerically but exact integration of matrix elements of
(Htot−Etot) can no longer be achieved, even between two short-range correlation
terms. Further significant numerical complications arise from the presence of
the coordinate of the centre of mass of the positronium relative to the helium
nucleus ρ = |(rp + r1)|/2, and its electron-exchange form ρ′ = |(rp + r2)|/2,
in matrix elements of (Htot − Etot) involving open positronium terms in the
trial wave function. Also, the limits of integration for the r1p and r2p variables
introduce cusps at r1 = rp in the r1 integrand and r2 = rp in the r2 integrand
for some matrix elements. Numerical procedures were developed whereby the
overall range of integration for each of these variables was split into two regions,
one on either side of the cusp, with Gauss-Legendre quadrature used below the
cusp and Gauss-Laguerre quadrature above.

These numerical procedures, when used with very flexible trial wave functions
containing as many as 502 short-range correlation functions (ω = 6 with no
restriction to even powers of r12), enabled very accurate cross sections to be
obtained for both elastic scattering and positronium formation that exhibited
interesting structures very close to the positronium formation threshold [13].

More recently, one of us (PVR) has developed a new approach to the
integration of the matrix elements containing only short-range terms. The
method is based on the work of Drake and Yan [5,17] for bound states of
lithium, in which the inter-electron coordinates are expanded in Legendre
polynomials using a formula developed by Perkins [9]. This expansion allows
the integration over the coordinates between the leptons and the nucleus to
be carried out using an analytical expression, which is mainly an expansion
in terms of hypergeometric functions 2F1. The method has been applied to
positron-helium scattering and to positronium scattering by atomic hydrogen
using wave functions containing up to 918 terms [12,11] and the convergence
of the integration procedure was found to be very good, even for odd and
negative powers of rij . Also, this procedure enabled the evaluation of the various
terms that make up each matrix element to be reorganized, resulting in a very
significant improvement in both the running time of the code and the precision
of the calculations.

Further improvements in the numerical techniques, together with increases
in computer power, should allow similarly detailed investigations to be made
of positron-helium scattering at energies above the Ore gap where other
inelastic processes occur, and even of five-body systems such as positron-lithium
scattering and positronium-helium scattering.
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Calculations of Bound States and Resonance States of
Few-Body Atomic Systems with Screened Coulomb

Potentials

Y. K. Ho and Sabyasachi Kar

Institute of Atomic and Molecular Sciences, Academia Sinica, P.O. Box
23-166, Taipei, Taiwan 106, R.O.C.

The influence of plasma on the bound states and resonance states
of few-body atomic systems has been invesigated recent studies. The
plasma effect has been considered by using the screened Coulomb
potential obtained from the Debye model. Our recent reults for the
ground states and the resonance states of Ps− ion and He atom
in plasmas for various screening parameters along with the bound
excited S−, P−, D− states of He are discussed.

I. INTRODUCTION

The study of the effect of screened Coulomb potential representing dense
plasmas on the few-body atomic systems is an interesting and relevant topic of
reseach in recent years. Effect of plasma on an embedded atom/ion is to produce
an effective screening, characterized by a fundamental length scale determined
by the temperature (T ) and number density (n) of the charge particles, on the
Coulomb potential. Several studies have been performed in recent years on
the few-body atomic systems embedded in weakly coupled plasmas ([1-8] and
references therein) considering the Debye screening model. It is well known in
the literature that the Debye-Hückel model is a good approximation for certain
specific conditions, for example, in the low-density and high temperature limit.
Also the concept of Debye-Hückel screening model has been derived from the
weakly coupled plasmas in which coupling constants are much smaller than 1.
There are several applications of weakly coupled plasmas [9], as for example,
n ≈ 1011cm−3, T ≈ 104K for gaseous discharge plasma, n ≈ 1016cm−3, T ≈
108K for plasma in controlled thermonuclear experiments and n ≈ 106cm−3,
T ≈ 108K for plasma in soloar corona. For those plasmas coupling constants
are 10−3, 10−5, and 10−7 respectively. The low-density and high-temperature
plasma has sevral applications in the intersteller space, for example, for dilute
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stars having electron densities range of 10−2-100cm−3 and the temperature ≈
104K.

In our recent works, we have made theoretical investigations on the bound
states and the resonance states of the Ps− ion and the He atom using the
Debye screening model. A highly correlated wave function has been used to
repesent the correlation effect between the charge particles. We have obtained
the ground and bound excited states energies in the framework of Rayleigh-Ritz
variation principle using a quasi-random process [10]. For resonance states, the
density of resonance states has been calculated using the stabilization method
proposed by Mamdelshatm et al [11]. All the calculations have been performed
using quadruple precision arithmetic (32 significant figures) on DEC-ALPHA
machines in the UNIX environments. Atomic units have been used throughout
the investigations.

II. CALCULATIONS

In the Debye-Hückel model for plasmas, the interaction between two charges a
and b is represented by the Yukawa-type potential: V (ra, rb) = qaqbexp(−µ|ra−
rb|/|ra − rb|). The screening parameter µ (the Debye length, λD = 1/µ)
is proportional to the square root of the ratio of number density (n) and
temperature (T ) of the charge particles in the plasma. For different choice
of n and T , µ represents a set of plasma conditions. The Debye prameter µ
can charaterize both the hot-dense plasma and low-density warm plasma as µ
is scaled by

√
n/T [8]. For Ps− and He, the non-relativistic Hamiltonian for a

system (e−, e−, Z+) is given by

H = −1

2

3∑

i=1

1

mi
∇2
i +

3∑

i<j=1

V (rj , ri), (1)

where qi (i = 1, 2, 3) are the charges of the three particles and mi (i = 1,
2, 3) are their respective masses. For Ps− ion, q1 = q2 = −1, q3 = 1 and
m1 = m2 = m3 = 1. For He atom, q3 = 2, m1 = m2 = 1 and the third particle
is of infinite mass.

We have employed the wave functions

Ψ = (1± P12)

N∑

i=1

rL31PL(cos θ1)exp[(−αir32 − βir31 − γir21)ω], (2)

where L =0 for the S−states, L = 1, 2 for P−, D−states, ‘+’ for singlet, ‘−‘
stands for triplet states, αi, βi, γi are the non-linear variation parameters, PL

10



denontes the Legendre polynomial of order L, P12 is the permutation operator
on the subscripts 1 and 2 representing the electrons. The scaling factor ω acts
as the reciprocal range of a ‘soft-wall’ for resonance calculations whereas ω is
set to 1 for ground state calculations.

We have performed accurate variational calculations in the framework of
Rayleigh-Ritz variational principle to obtain the ground state enegies (the
only bound state) of Ps− ion and the bound excited 1,3S−, 1,3P−, 1,3D−
state energies of the He atom in plasmas for various Debye lengths using a
quasi-random process [10]. According to the quasi-random process [10], the

parameters αi, βi and γi are chosen from the three positive interval [A
(k)
1 , A

(k)
2 ],

[B
(k)
1 , B

(k)
2 ] and [C

(k)
1 , C

(k)
2 ]; where k = mod(i, 3) + 1, 1 ≤ i ≤ N .

αi = η
(k)
1 [<<

1

2
i(i+ 1)

√
2 >> (A

(k)
2 −A(k)

1 ) +A
(k)
1 ]

βi = η
(k)
2 [<<

1

2
i(i+ 1)

√
3 >> (B

(k)
2 −B(k)

1 ) +B
(k)
1 ], (3)

γi = η
(k)
3 [<<

1

2
i(i+ 1)

√
5 >> (C

(k)
2 − C(k)

1 ) + C
(k)
1 ]

where the symbol << ... >> designates the fractional part of a real number.

The positive scaling factors η
(k)
1 , η

(k)
2 and η

(k)
3 are set to have values equal to

1 in the first stage and in the second stage they are varied. But for our recent
investigation, it has been observed that the better optimization can be obtained

by selecting A
(k)
1 = 0, A

(k)
2 = a; B

(k)
1 = 0, B

(k)
2 = b ; C

(k)
1 = 0, C

(k)
2 = c and

η
(k)
1 = 1, η

(k)
2 = 1, η

(k)
3 = η. Ultimately, the four variation parameters a, b,

c and η are used in the entire calculations. The necessary integrals involving
the screened Coulomb potentials with basis functions (2) have been discussed
in the literature ([1], references therein). We have calculated the energy levels
by diagonalizing the Hamiltonian (1) with the wave functions (2) following the
quasi-random process for each spin staes, for each S−, P−, D− states, and for
each Debye lengths.

The parameters a, b, c and η are chosen so that the ground and bound excited
states energies are minimum for different shielding parameters using certain
basis sets. For resonance calculations, we next let ω having values other than
ω = 1. The variational parameters ω in the wave function (2) are acting as
the reciprocal range of a ’soft’ wall ([4-6, 11]). Varying ω from 0.3-1.0, we have
computed the energy levels E(ω) for each Debye length. We then construct
the stabilization diagrams (as shown in figures 1(a) and 1(b)) by plotting E(ω)
versus ω. If there is a resonance at energy E, the stabilized or slowly varying
energy levels will appear in the stabilization plateau. The details successful
applications of this simple and powerful method are available in the works of
Ho and co-workers [4-6] and references therein. Varying the Debye length from
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infinity to small values, the resonance energies and widths have been obtained
for different resonance states.

To extract the resonance energy Er and the resonance width Γ, we have
calculated the density of resonance states for a single energy level with the help
of the following formula,

ρn(E) =

∣∣∣∣
En(ωi+1)−En(ωi−1)

ωi+1 − ωi−1

∣∣∣∣
−1

En(ωi)=E

, (4)

where the index i is the i-th value for ω and the index n is for the n-th resonance.
After calculating the density of resonance states ρn(E) with the above formula
(4), we fit it to the following Lorentzian form that yields resonance energy Er
and a total width Γ, with

ρn(E) = y0 +
A

π

Γ/2

(E −Er)2 + (Γ/2)2
, (5)

where y0 is the baseline offset, A is the total area under the curve, Er is the
center of the peak, and Γ denotes the full width of the peak of the curve at half
height.

III. RESULTS OF PLASMA-EMBEDDED Ps−

The positronium negative ion has been first observed by Mills [12], and
he subsequently measured its annihilation rate [13]. Recent experimental
developments in positron trapping and accumulation technology [14-17 ] have
opened up access to study various properties of such a three-lepton system. With
the recent development of the modern positron sources, it is of great inportance
to invesigate the ground and resonance states of Ps− under the influence of
plasma screening.
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FIG. 1. Stabilization plots for the lowest 3P o state of Ps− in plasmas for λD =
30. (b) Calculated density (circles) and the best fitted Lorentzian form (solid line)
corresponding to the 3P o state of Ps− for the 18th energy level in (a).
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FIG. 2. The 2s2 1Se resonance energies in (a) and the corresponding resonance
widths in (b) of Ps− in plasmas in terms of Debye parameter µ.
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FIG. 3. The ground-state energies in (a) and the lowest 1,3P o resonance energies in
(b) of Ps− as a function of Debye screening parameter µ.

Following the method described above we have investigated the bound 1S state
and for resonances the 2s2 1Se state, one 1P o state, and two 3P o states of Ps− in
desnse plasmas for different Debye lengths. Figure 1(a) shows the stabilization
diagram for the Debye length λD = 30 and the fitting of the calculated density
of states(figure 1(b)) corresponding to the 18th energy levels in figure 1(a) which
exibits the best fit with the least χ2 and the square of the correlation coefficient
very close to 1. From the fit, we have obtained the resonace energy, Er =
−0.033172 a.u. and the corresponding resonance width Γ = 3.64 × 10−5 a.u..
Similarly, for each Debye length, we have constructed the stabilization plot
and search for the best fittings from the each energy levels in the stabilization
diagams by calculating the desity of states using the formula (4). We have
presented the 2s2 1Se resoance energies and the corresponding widths in figure
2 for various sheilding parameters. The gound state energies (see also table 1)
and the lowest 1,3P o resonance energies in terms of µ are presented in figure
3(a) and 3(b) respectively. The 3P o(2) resonance energies are very close to the
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1P o(1) resonace energies for each Debye lengths and so we have not included
the 3P o(2) resonance energies in figure 3(b). The resonace width for the three
P-states are shown in figure 4. From figure 3(a), it is apparent that the ground
state energy approches the Ps(1S) threshold energies with increase of plasma
strength and both the systems will be ionized near λD = 1.8. Figures 2(a)
and 3(a) show that the lowest 1Se, 3P o resonace energies approche the Ps(2S)
threshold with the increase of plasma strengths. Also it is evident from figures
2(b)and 4(a)-(c), that the 1P o resonance widths increase whereas the other S-,
P- states resonance widths decrase with increasing plasma strength. Detailed
discussion can be found in Ref.[6].
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FIG. 4. The resonace widths for 1P o(1) in (a), 3P o(1) in (b) and 3P o(2) in (c) states
of Ps− as a function of Debye screening parameter µ.

IV. RESULTS OF PLASMA-EMBEDDED He

Following the technique discussed above we have calculated the bound 1,3S,
1,3P , 1,3D and the 1,3P o resonance states of helium atom embedded in Debye
plasmas. Recent experimental investigations [18, 19] on the doubly excited P-
states of helium in the un-screened case, the investigation on the bound excited
and doubly excited states under the influence of Debye screening has become
an important subject. We have presented the bound excited 1,3S states and the
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excitation energies of few lowest singlet states in figure 5. The ground (see Table
1) and bound excited states energeis are very close to the He+(1S) threshold
energies with the increase of the screening parameter µ. Figure 5(a) shows
that higher lying states approach the ionization limit one after another with the
increase of plasma strength. Deatil results on the ground and bound excited
energies are available in our earlier works [5]. To calculate the 1,3P o resonance
states of He in plasmas for different Debye lengths, we have constructed the
stabilization plots ( see figure 6 for example) for each Debye lengths. After
indentifing the resonance positions for the 2snp+(2 ≤ n ≤ 5), 2snp−(3 ≤ n ≤
5), 2pnd(n = 3, 4) 1,3P o states and following the method discussed above, we
have obtained a total of 9 resonances below the He+(2S) threshold for various
Debye lengths. We have presented the wavelengths for the photoabsorption
of 1P o resonaces and widths in figure 7 and 8. It is clear from figure 8, the
resonance width decreases with increasing of plasma strength. Deatails results
and discusstions on the doubly-excited S−, P− states of He are found in our
recent works [5].
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V. CONCLUSIONS

We have reported the influence of dense plasma on the bound and resonace
states of some few-body atomic systems (Ps− and He) using the Debye screening
concept of plasmas modelling and employing highly correlated wave fuctions.
To extract resonance parameters, we have used the stabilization method [4-
6, 11] which is a simple and powerful method that needs only the bound
state type wave functions. The resonance states calculations for the few-body
systems in dense plasmas [4-6] were the first investigations in the literature.
It is imortant to mention here that Debye screening is widely used in plasma
modelling for its simplicity and admits sets of plasma conditions. However a
shortcoming of the Debye model is its limitation to static screening. Correction
to dynamic screening is very important for the strongly coupled plasma.
However, corrections due to dynamic screening have not considered in our
reported results as we have restricted ourself in the study of few-body systems in
weakly coupled plasmas. Results reported are useful to atomic physics, plasma
physics and astrophysics research communities.

0.00 0.04 0.08 0.12 0.16 0.20

192

196

200

204

208

212

216

2s5p +

2s4p +

2s3p+

λ(
A

ns
tro

m
)

µ

2s2p+

(a)
0.000 0.025 0.050 0.075 0.100 0.125

192

194

196

198

200

202

204

2s5p -

2s4p -

λ(
A

ns
tro

m
)

µ

2s3p -

(b)

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
191.5

192.0

192.5

193.0

193.5

194.0

194.5

195.0

195.5

196.0

2p4d

λ(
A

ns
tro

m
)

µ

2p3d

(c)

FIG. 7. The wavelengths for the absorption resonances for the 2snp+
1P o in (a),

2snp−
1P o in (b), 2pnd 1P o in (c) states in helium for various Debye parameters.

16



0.00 0.05 0.10 0.15 0.20 0.25

0.0006

0.0008

0.0010

0.0012

0.0014

Γ(
a.

u.
)

µ(a)

2s2p
+

0.00 0.02 0.04 0.06 0.08 0.10
5.0x10-5

1.0x10-4

1.5x10-4

2.0x10-4

2.5x10-4

3.0x10-4

Γ 
(a

.u
.)

µ

2s3p
+

2s4p
+

(b)

0.00 0.02 0.04 0.06 0.08 0.10

1.2x10-6

1.6x10-6

2.0x10-6

2.4x10-6

2.8x10-6

3.2x10-6

3.6x10-6

4.0x10-6

2s4p
-

Γ(
a.

u.
)

µ

2s3p
-

(c)

FIG. 8. The resonance widths for 2snp+
1P o in (a) and (b), 2snp−

1P o in (c), states
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λD Ground state of Ps− λD Ground state of He

∞ −0.2620050702325 a ∞ −2.90372437700a

−0.26200507023298b −2.90372437703b

50 −0.2424865663745a 50 −2.84418057552a

10 −0.173618160010a 10 −2.61485294693a

5 −0.1064096776153a 5 −2.34700618425a

1.8 −0.0011185a 0.45 −0.0081a

a Our recent calculations[5, 6], b Best results(references in [5, 6])

Table 1. The ground state 1S-state energies of Ps− and He atom under Debye

screening
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Hylleraas-type functions are functions that contain the electron-
electron or positron-electron distance as a linear factor. In this
article, I begin by describing how basis sets containing these
functions have been used in variational calculations to obtain very
accurate results for ground-state energies of simple atoms and
molecules. I go on to describe how they have been used to obtain
accurate results for low-energy positron-H2 elastic scattering, using
the Kohn variational method. I conclude by indicating how recent
calculations on the interaction between helium-antihydrogen, that
make use of Hylleraas-type functions, will be adapted to treat
positron-H2 scattering with inclusion of the positronium formation
channel.

I. INTRODUCTION

The Norwegian physicist Hylleraas carried out a variational calculation of the
ground-state energy of helium in 1929 in which he included basis functions which
contained the interelectron distance as a linear factor [1]. His basis functions
were of the form

χi = saitbiucie−
1
2αs (1)

where α is a parameter, ai, bi and ci are non-negative integers and bi is even,

s = r1 + r2, t = r2 − r1, u = r12 = |r2 − r1|,

where r1 and r2 are the position vectors of electrons relative to the nucleus.
Much improved accuracy of the energy was obtained by the inclusion of basis
functions with ci = 1. These are ‘Hylleraas-type functions ’.

Hylleraas was able to include r12 as one of the coordinates in the integration.
The contributions in these proceedings from Humberston and Van Reeth and
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Ho and Kar show how this method can be extended to make possible, for
example, calculations of positron scattering by helium both below and above
the positronium formation threshold.

In this article, I will show how this method was applied to positron scattering
by a hydrogen molecule below the positronium formation threshold. I will go on
to describe how the method has been applied to calculations of the interaction
of antihydrogen with hydrogen and helium atoms. I will conclude by outlining
how the antihydrogen-helium calculations will be adapted to make possible a
calculation of positron-H2 scattering above the positronium formation threshold.

II. APPLICATION OF THE HYLLERAAS METHOD TO MOLECULES

Only four years after the above calculation on helium, James and Coolidge [2]
carried out a calculation of the ground-state electronic energy of the hydrogen
molecule using a basis set that included Hylleraas-type functions. Hylleraas had
been able to use spherical polar coordinates in his calculation on helium and also
to include r12 as a variable of integration. The natural analogue of spherical
polar coordinates for a diatomic molecule are prolate spheroidal coordinates.
See, for example, ref. [3].

These are an orthogonal system of coordinates (λ, µ, φ). If P is any point and
rA and rB are the distances of P from the nuclei A and B, respectively, then

λ =
rA + rB

R
, µ =

rA − rB
R

,

where R is the distance between the nuclei. If we take Cartesian coordinates
with origin midway between the nuclei and z-axis along the internuclear axis
in the direction A to B and arbitrarily chosen x and y-axes, φ is the usual
azimuthal angle of spherical polar coordinates.

The basis set used by James and Coolidge was of the form

χi =
1

2π
(λai1 λ

bi
2 µ

ci
1 µ

di
2 + λbi1 λ

ai
2 µ

di
1 µ

ci
2 )ρei12 exp[−α(λ1 + λ2)], (2)

where α is a parameter, ai, bi, ci, di and ei are non-negative integers and

ρ12 =
2

R
r12. (3)

As it was not possible to include r12 as a variable of integration, James and
Coolidge used the Neumann expansion [4]

1

ρ12
=

∞∑

τ=0

τ∑

ν=0

Dν
τP

ν
τ (λ<)Qντ (λ>)P ντ (µ1)P ντ (µ2) cos[ν(φ1 − φ2)], (4)
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where Dν
τ is a coefficient, λ< and λ> are the lesser and greater, respectively, of

λ1 and λ2 and P ντ and Qντ are the first and second solutions, respectively, to the
Legendre equation or, if ν 6= 0, the associated Legendre equation.

It is easy to show using equation (3) and the expressions for x, y and z in
terms of λ, µ and φ [3] that

ρ2
12 = λ2

1 + λ2
2 + µ2

1 + µ2
2 − 2− 2λ1λ2µ1µ2 − 2M12 cos(φ1 − φ2), (5)

where

M12 = [(λ2
1 − 1)(1− µ2

1)(λ2
2 − 1)(1− µ2

2)]
1
2 (6)

ei ≤ 2 in the basis functions (2). Thus odd powers of ρp12 (p = −1, 1, 3) occurred
in matrix elements required for the variational calculation. These were evaluated
using the Neumann expansion (4) and, where necessary, equation (5).

As the calculation was carried out only for the region around the equilibrium
value R = 1.4a0 and not for the region in which H2 begins to separate up into
H + H, it was not necessary to include µ1 and µ2 in the exponent in the basis

functions. Consequently all the series expansions involving
1

ρ12
in the matrix

element evaluations terminated after a finite number of terms. All the resulting
integrals were evaluated analytically.

The calculations were carried out on hand calculating machines and took
approximately six months. James and Coolidge obtained a binding energy
of 4.697 eV using a thirteen term trial function containing 4 Hylleraas-type
functions. The experimental value is 4.747 eV.

With the advent of computers, Ko los and Roothaan [5] were able to obtain
excellent agreement for the binding energy using a 50 term trial function
containing 14 Hylleraas-type functions. Together with Wolniewicz, Ko los went
on to make a wide application of the method used in ref. [5] to states of two
electron diatomic molecules and ions. See, for example, ref. [6].

It is a very big step to extend these calculations to molecules containing even
three electrons. In pioneering research in 1977, Clary [7] carried out calculations
on He+

2 and He2 using basis sets that contained Hylleraas-type functions with
an rij factor in each term. This required the evaluation of integrals involving,
for example,

r12

r13
, r12r13 and

r12r13

r23
.

To allow for the separation of He+
2 into He + He+, it was necessary to take the

exponential factors in the basis to be of the form

exp

[∑

i

(−Aiλi +Biµi)

]

21



where Bi 6= 0.

Double Neumann expansions are required for
r12

r13
and r12r13 and triple for

r12r13

r23
. As Bi 6= 0, none of the expansions terminate, but convergence is

rapid for small |Bi|. Despite the complexities of the expansions, Clary was able
to carry out all the required evaluations using no more than two dimensional
numerical integration by adapting and correcting formulae devised by Rothstein
[8], based on (4).

Clary obtained 90% of the correlation energy of He+
2 at R = 2.065a0 using 29

basis functions, of which 3 were Hylleraas-type functions. His results for He2 at
R = 1.0a0 were similar.

III. CALCULATIONS ON e+ H2 SCATTERING USING
HYLLERAAS-TYPE FUNCTIONS

Prolate spheroidal coordinates were first used in scattering calculations by
Massey and Ridley [9] for eH2 and Massey and Moussa [10] for e+H2. Use of
these coordinates makes it possible to carry out calculations for e+H2 using the
Kohn variational method similar to those carried out by Humberston and Van
Reeth for e+H and e+He scattering [11,12].

The Kohn variational method is the analogue for scattering wave functions of
the Rayleigh Ritz variational method for bound state wave functions. If Ĥ is
the Hamiltonian of the system under consideration and Ψt is a trial function, it
is not possible to evaluate 〈Ψt|Ĥ |Ψt〉 if Ψt is a scattering wave function, as it
is not square integrable. However, it is possible to evaluate 〈Ψt|Ĥ −E|Ψt〉 if E
is the energy of the scattering state under consideration and Ψt has the same
general asymptotic form as the exact eigenfunction. A closely related functional
is made stationary in the Kohn method.

With Martin Plummer and David Baker [13], I carried out calculations of
low-energy elastic scattering of a positron by H2 using a trial function which
was of the form

Ψt =


S + atCp+

N∑

j=1

bjφj


ΨG, (7)

if mixing of spheroidal partial waves is neglected. In the atomic case, S and
C would be the regular and irregular s-wave solutions, respectively, to the
free particle equation in spherical polar coordinates. In (7), they are the
corresponding solutions to this equation in prolate spheroidal coordinates. The
lowest partial wave is of Σ+

g symmetry.
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The function

p(λ) = {1− exp[−γ(λ− 1)]}2

is a shielding function to make Cp continuous at λ = 1, the lowest value of this

coordinate.
{
φjΨG

}N
j=1

are short-range correlation functions to describe the

system when the positron is close to the H2 target.

ΨG is an approximation to the ground-state of H2 target wave function. It
is included as a factor in Ψt to make possible the application of the method of
models [14]. In this method, the target Hamiltonian Ĥtarget is replaced by a

model Hamiltonian ĤM where

ĤM = T̂KE + VM ,

T̂KE is kinetic energy operator from Ĥtarget and VM is a model potential such
that

ĤMΨG = EMΨG.

The energy E of the scattering state under consideration is taken to be of the
form

E = EM + 1
2k

2,

where k is the wave number of the incident positron. (Here and elsewhere in
this article the units used are Hartree atomic units.)

The method of models has the advantage that the only matrix elements we
need evaluate involving ĤM are those that involve T̂KE . In particular, we need
not evaluate matrix elements of the Coulombic repulsion potential between the
electrons. If particle 1 is the positron and the electrons are particles 2 and 3,

this potential is
1

r23
. This makes it unnecessary to calculate matrix elements

involving
r12r13

r23
which arise when Hylleraas-type functions containing r12, and

by exchange r13, are included in the short range correlation functions. This is a
very important simplification. It is still necessary to evaluate matrix elements

involving, for example,
r12

r13
and r12r13, but this can be done much more easily.

Details of how the calculation was carried out are given in refs. [12] and [15].
The main points are as follows.

(1) The open channel functions S and C in equation (7) are separable functions
of λ and µ. See, for example, ref. [3].
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(2) In the integrals involving
r12

r13
or r12r13, the electrons, particles 2 and

3, only occur in one factor. Also, as the H2 nuclei were fixed at their
equilibrium internuclear distance, 1.4a0, it was not necessary to include
any of the µ coordinates in the exponent in the short-range correlation
functions. As a consequence the double Neumann series expansions for
r12

r13
and r12r13 terminate.

(3) The integrals in the expansions that involve electron coordinates can be
evaluated analytically. The method used involved recursion formulae
for the Qντ (λ) functions. This can give rise to problems but the series
terminate at sufficiently low τ values for the method to be acceptable.

(4) The final integration over λ1 was carried out using Boys’ boundary
derivative reduction method [16,12].

(5) Test one-centre integrals were checked by analytical evaluation using the
method of Roberts [17].

As the H2 nuclei were fixed at their equilibrium value, no account was taken
of vibrational-rotational excitation. As H2 dissociation can be neglected for
incident positron energies less than 8.8 eV, on account of the Frank–Condon
principle [18], the first significant inelastic threshold is positronium formation
at 8.63 eV. Thus our elastic scattering calculations were for energies less than
this value.

A comparison between our results for the Kohn phase shift and the corre-
sponding eigenphase sums obtained by Tennyson [19] using the R-matrix method
is given in Table 9 in ref. [15]. The results for elastic cross sections obtained
by more detailed calculations using both methods [13,20] are compared with
experiment in Figure 1.

It can be seen that the Kohn calculation is in agreement with the results of
Hoffman et al. [21] below 5 eV whereas the R-matrix calculation is in agreement
with the results of Charlton et al. [22] in this range. The comparison between
the results in Table 9 in ref. [15] indicates that the R-matrix results have not
fully converged as even the results obtained by the most detailed application of
this method are quite significantly below the results obtained using the Kohn
method, with the inclusion of Hylleraas-type basis functions. This suggests quite
strongly that the results of Hoffman et al. are more accurate than those of
Charlton et al. for energies less than 5 eV.
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FIG. 1. Comparison of experimental and theoretical results: ◦, Hoffman et al. [21];
•, Charlton et al. [22]; 4, calculation [13] including Σ+

g , Σ+
u , Πu and Πg symmetries;

3, Danby and Tennyson [20] including Σ+
g , Σ+

u , Πu, Πg, ∆g and ∆u symmetries.

IV. POSITRON ANNIHILATION

A phenomenon of interest to all of us involved in the CCP2 flagship project
referred to in the introduction to these proceedings is positron annihilation.
The probability of positron annihilation in e+H2 scattering is very small. The
annihilation rate, λA, is given by

λA = πr2
0cNZeff(k) (8)
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where

r0 = classical radius of the electron,

N = density of H2 molecules in the vicinity of the positron,

k = wave number of the incident positron

and Zeff(k) = number of electrons available to the positron for annihilation.

Zeff(k) would be 2 for H2, the number of electrons in H2, if there were no
interaction between the positron and H2.

Zeff(k) = 〈Ψt|δ(r1 − r2) + δ(r1 − r3)|Ψt〉, (9)

where Ψt is normalised to one incoming positron per unit volume far away from
the H2.

Accurate evaluation of Zeff(k) requires Ψt to be accurate when the positron
and an electron coincide. The exact wave function, Ψex, at points of coincidence
must satisfy the cusp condition [23,24]

(
∂Ψ̂ex

∂r1j

)

r1j=0

= − 1
2 (Ψex)r1j=0 (10)

where Ψ̂ex is the average value of Ψex taken over a small sphere with r1j =
constant, with variables other than r1j fixed. Hylleraas-type functions make it
possible for Ψt to fit this condition quite accurately.

FIG. 2. Zeff for positron-H2 scattering calculated using the Kohn method and the
lowest spheroidal wave [15]. • Experimental: McNutt et al. [25].
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The results obtained for Zeff(k) using the Kohn variational method are shown
in Figure 2. The lower curve was obtained using 64 short-range correlation
functions containing one electron functions of σ or π symmetry. The upper
curve was obtained by adding 8 Hylleraas-type functions to this basis set.

It can be seen that including Hylleraas-type functions increases dramatically
the calculated value of Zeff(k) at very low energies but not sufficiently to agree
with experiment. We consider that an important first step in trying to carry
out calculations to account for the very high Zeff value that has been observed,
for example, in positron-acetylene scattering [26] is to carry out an accurate
evaluation of Zeff(k) for e+H2 scattering at very low energies.

In what follows, I will outline how this can be combined with an extension of
the calculation to include the positronium formation channel.

V. CALCULATIONS INVOLVING ANTIHYDROGEN

Over the past few years, together with others I have carried out calculations
of the interaction of antihydrogen (H̄) with H and He atoms. See, for example,
refs. [27,28]. The first preparation of cold H̄ at CERN in 2002 has given added
impetus to this research [29,30].

Calculations on He-H̄ involve the same three light particles, a positron and two
electrons, as in the case of e+H2. We have carried out variational calculations
of the Born–Oppenheimer potential for He-H̄ using basis sets containing CI
functions made up of products of one particle σ or π functions and also Hylleraas-
type functions containing r12 and by exchange r13.

In these calculations, it was necessary to evaluate integrals involving
r12r13

r23
,

in addition to those involving
r12

r13
or r12r13.

The methods used in the e+H2 calculations were improved. More use was
made of 1D numerical integration and more accurate methods were used for
evaluating the Qντ functions [31]. Use was made of the inverse powers expansion

Qντ (λ) = (λ2 − 1)
ν
2

∞∑

m=τ+ν+1

bm(τ, ν)

λm
, |λ| > 1

where bm(τ, ν) is a coefficient. This expansion is slowly convergent for λ close
to 1. However, recursion gives accurate values in this region.

I wrote a large program to evaluate the integrals involving
r12r13

r22
. This

required a triple Neumann expansion (4). No termination occurred and many
terms contributed. However, it was possible to carry out the evaluations using
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only 2D numerical integration. To get accurate results, it was necessary to take
τ in each expansion to be at least as high as τ = 8. The accuracy of the results
for some single-centre test integrals was checked using values obtained by Peter
Van Reeth, using analytical methods he and Humberston developed to carry out
the calculations described in ref. [11]. Martin Plummer is currently investigating
how this program can be run on an HPC.

The results obtained at internuclear distance R = a0 for the energy of the
three light particles and the delta function expectation value

〈δee+〉 = 〈ΨBO |δ(r1 − r2) + δ(r1 − r3)|ΨBO〉, (11)

where ΨBO is the normalised, Born–Oppenheimer wave function, are given in
Table 1. The maximum number of basis functions included was 164. They are
compared with the results obtained by Strasburger and Chojnacki [32,33] using
a basis set made up of 768 explicitly correlated Gaussian (ECG) functions

χl = S exp


−

3∑

i=1

α
(l)
i (ri −R(l)

i )2 −
3∑

i>j

β
(l)
ij (ri − rj)2


 ,

where S is the symmetriser for the electrons.

Type and number of basis functions
σ π1π2 and π1π3 π2π3 r12 and r13 Energy 〈δee+ 〉
84 28 28 0 –1.6125954 0.02400
84 28 28 1 –1.6212778 0.03514
84 28 28 15 –1.6295878 0.04614
84 28 28 24 –1.6307149 0.04763

768 ECG functions [32,33] –1.6364739 0.05521

Table 1 Energy and delta function expectation values for He− H̄ at R = a0. Units

are atomic units.

It can be seen that the energy value obtained by Strasburger and Chojnacki
is lower and therefore more accurate than our value. Also their value for 〈δee+〉
is 16% larger than our value obtained with 24 Hylleraas-type functions. Their
value for 〈δee+〉 for He−H̄ at R = 0, where it corresponds to positronium hydride
(PsH), is in good agreement with the value obtained by Ho [34] for PsH using
396 basis functions, some of which were Hylleraas-type functions.

Thus we conclude that the ECG basis gives accurate results for 〈δee+〉, more
accurate than we have obtained so far using Hylleraas-type basis functions. This
is in spite of the fact that it is not possible to satisfy the cusp condition (10)
using ECG basis functions.
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We can improve the accuracy of our calculation by including more basis func-
tions and also by including Hylleraas-type functions containing the interelectron
distance, r23. The results obtained for H−H̄ [27] indicate that we are unlikely to
obtain results that are quite as accurate as those obtained using an ECG basis
set [32]. However, it was reasonably straightforward to extend our calculation
to calculate T -matrix elements for the He+p̄ + Ps rearrangement channel [28],
using 5-dimensional numerical integration and a distorted wave approximation.

VI. ADAPTATION TO e+ H2 SCATTERING

As part of the flagship project, we intend to adapt the He− H̄ calculation to
make possible a Kohn calculation of e+H2 scattering including the positronium
formation channel. Replacement of the nuclei in He − H̄ by protons will make
possible calculation of matrix elements involving only short-range correlation
functions without the use of the method of models [14]. Matrix elements
involving open channel functions will have to be calculated, but these will not

involve
r12r13

r23
. The T -matrix element calculations involving He+p̄ + Ps can be

adapted to make possible the calculation of matrix elements between the e++H2

entrance channel and the positronium formation channel, H+
2 + Ps.

VII. CONCLUSION

I have described how the method devised by Hylleraas for carrying out an
accurate calculation of the ground-state energy of helium [1] and later extended
to molecules containing up to 4 electrons [2,5,6,7] can be used to carry out Kohn
calculations of elastic e+H2 scattering [13]. These are similar to calculations that
have been carried out for e+He [11,12].

These calculations give accurate results for the total cross section up to 5
eV and a much improved value of Zeff over earlier CI calculations, but still
significantly below the experimental value. The results for the cross section are
considerably more accurate than those obtained using the R-matrix method,
which used basis sets made up of CI functions [20,15].

I have also described how the method has been applied to the interaction
between helium and antihydrogen. We have carried out calculations of the
Born–Oppenheimer energy and the 〈δee+〉 expectation value (11) for He− H̄ by
this method. These results have not fully converged. In both cases considered
they are less accurate than the results obtained by Strasburger and Chojnacki
using a larger, explicitly correlated Gaussian basis set [32]. In the case of 〈δee+〉,
this was despite the fact that an ECG basis cannot fit the cusp condition (10).
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Some improvement in the accuracy of our results will be possible by extending
the basis set, but it is doubtful if they can be made quite as accurate
as the results obtained by Strasburger and Chojnacki. However, we have
successfully applied the method to the calculation of T -matrix elements for the
rearrangement of He + H̄ into He+p̄ + Ps [28].

The He− H̄ BO energy calculation will be adapted to make possible improved
calculations of e+H2 scattering, with inclusion of the positronium formation
channel. This calculation will be used to evaluate Zeff . It is hoped that a value
in agreement with experiment can be obtained.

The insights on how to take into account the positron-electron interaction
accurately that have been gained from this calculation, together with the
most up-to-date methods of treating electron-electron correlation in quantum
chemical calculations described by many speakers at this Workshop, will be
very useful for the flagship project. As indicated in the introduction to these
proceedings and by Tennyson and Franz [35], they will be used to try to devise
an R-matrix method of calculating accurately the very high Zeff values that
have been observed in positron scattering by molecules such as acetylene [26].
These very high values are considered to be due to a resonant process involving
the vibrational motion of the nuclei of the molecule [36].
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I. INTRODUCTION

The R-matrix method is a well established computational procedure for
treating electron collisions with atoms and molecules [1]. The basis of the
method is the division of space into two regions: an inner region, defined by
a sphere typically of radius 10 to 15 a0, and an outer region. The inner region
must contain the entire electron density of the target system which means that
it is only in this region that complicated correlation and exchange processes
need to be treated in detail. The R-matrix provides the link between the two
regions.

For moleular targets, the calculations within the inner region reduce to a
modified electronic structure calculation and standard quantum chemistry codes
have been adapted for the purpose. In particular the UK molecular R-matrix
codes [2] uses adapted versions [3,4] of the Alchemy and Sweden-Molecule codes
for diatiomic and polyatomic targets respectively. All calculations discussed
here used this code, or updated versions of it.

In the inner region the wavefunction for an N + 1 electron scattering problem
is represented by the close-coupling expansion:

Ψk = A
∑

ij

aijkφ
N
j ηij +

∑

i

bikχ
N+1
i , (1)

where φNj is the wavefunction of jth state of the N -electron target, usually
represented by a complete active space configuration interaction (CAS-CI)
expansion of up to a few thousand terms expressed in natural orbitals. ηij is one-
electron function representing the scattering electron which is antisymmetrised
to the target by operator A. The terms in the second summation are
expressed entirely in terms of target orbitals and are necessary to relax the
orthogonalisation condition between the target and continuum orbitals; other
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effects such as polarisation can be included in this term. The coefficitons aijk
and bik are variational and are determined by diagonalising the secular matrix.
Changes to this form needed for low-energy positron collisions are considered
below.

II. ELECTRON COLLISION CALCULATIONS

The UK molecular R-matrix code has demonstrated that it can obtain reliable
results for a variety of processes involving low energy scattering. In particular
studies on elastic scattering and rotational excitation of water [5], electronic
excitation of carbon monoxide [6] and vibrationally-resolved resonance effects in
electronic excitation of molecular hydrogen [7] have all given results competitive
with and, in at least one case [5], probably better than experiment. Experience
has shown for these studies that the key to getting good results is obtaining a
reliable and flexible representation of the target. That is to say, within limits
imposed by the standard model used [8] and computer power, the low-energy
electron-molecule scattering problem is one that is numerically solved.

Recent developments in electron scattering studies have focussed on extending
the calculations to larger systems and higher energies. Studies have been
performed on the electron rich CF3 radical [9] and the small organic ring system
tetrahydrofuran (THF) C4H8O [10]. These studies show that the computer
resources required for treating such systems at a fairly sophisticated level are
not excessive but there remains issues to do with constructing reliable target
models. In particular the results of both studies proved to be sensitive to the
choice of target wavefunctions. One issue here is that all target states used in the
close-coupling expansion, eq. (1), have to be represented within a common basis
set. For larger systems detailed electronic structure calculations on prospective
targets, particularly calculations which consider excited states with different
spins to the ground state, are often not available. It is likely that performing
such calculations at some high level of theory will become a routine part of
future electron scattering studies.

For electron scattering the collisions energies can usefully be divided into
three distinct regions. The low-energy region where close-coupled expansions
like that of eq. (1) are appropriate, the high-energy regime where collisions
are essentially impulsive and methods based on perturbation theory give good
results. The intermediate energy region spans the ionisation energy of the target.
At ionisation the number of open (energetically accessible) states that need
to be included in expansion (1) becomes infinite and near the threshold for
ionisation the electron is not moving fast enough for post-collision electron-
target interactions to be neglected.
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There has recently been significant progress addressing the intermediate
energy problem for atomic targets. At least four ab initio procedures have been
developed for treating these problems with considerable success. However most
of these procedures have only been implemented for simplified one-electron or
quasi one-electron targets. The most flexible, if not the most elegant procedure,
is the R-matrix with pseudo-states (RMPS) method [11]. Recently Gorfinkiel
and Tennyson [12,13] have developed a related molecular R-matrix with pseudo-
states (MRMPS) method which is the first ab initio procedure for treating near-
threshold electron impact ionisation of molecules.

In the MRMPS method, the close-coupling expansion of eq. (1) is augmented
by a (hopefully near-complete) series of extra (pseudo) states. These extra states
are not meant to correspond to physical states of the system but to represent
a discretised version of the continuum (and any missing excited states) within
the space of the R-matrix sphere. Gorfinkel and Tennyson used even tempered
Gaussian type orbitals placed on the molecular centre-of-mass to represent these
pseudo-states. Even tempered functions have the advantage that they can, at
least in principle, be extended to give a complete set and several different series
can be defined which is important for both demonstrating the stability of the
calculation and dealing with the many artificial (pseudo-)resonances which are
often a consequence of the procedure. So far MRMPS calculations have been
performed successfully for electron collisions with H+

3 [12,13] and H2 [13]. The
challenge is now to apply this method to problems involving many electron
targets.

III. POSITRON COLLISION CALCULATION

Superficially the inner region R-matrix wavefunction of eq. (1) can be adapted
to problems involving positron collisions by removing the anti-symmetriser,
changing the sign of appropriate Coulomb interactions and by distinguishing
between the target electrons and scattering positron. While this is formally cor-
rect, it pays scant attention to the extra difficulties encountered in calculations
which mix positrons and electrons. The particular problem here is that the
Coulomb attraction between these particules leads to the need for very careful
treatment of electron-positron correlation problem. This is particularly true for
low-energy scattering where the slow-moving positron can easily react to the
motions of the target electrons, and in the region of the positron formation
threshold where the positron can rip an electron from the target to form the
hydrogen-like positronium atom.

Two decades ago the then diatomics-only molecular R-matrix code was
adapted to treat low-energy positron-molecule collision [14]. This code was
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applied to collisions between positrons and molecular hydrogen [15] and
molecular nitrogen [16]. Even though these studies led to the first-ever prediction
of a positron-molecule bound state [17], they were of limited usefulness because
the of the low level treatment of the positron-electron correlation problem.

Since these studies were performed the R-matrix codes have not only been
extended to treat polyatomic targets but also been re-written to allow for the
use of significantly more complicated representations of the molecular target and
hence associated scattering models [18]. We have undertaken a re-implentation
of positron collision effects within the modern UK molecular R-matrix codes,
some first results of which are given below. So far our implementation remains
within the close-coupling paradigm of eq. (1). We recognise that this form of
the wavefunction is inadequate for important aspects of positron scattering but
it represents an important staging post on the road to a more sophisticated and
more reliable ab initio treatment of this challenging problem.
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FIG. 1. Positron binding to LiH as a function of bond length

The positronic bound state of molecular LiH provides an excellent test of
our newly implemented method. A series of studies on this system using
fairly standard [19–22] and quantum Monte Carlo [23,24] “electronic” structure
treatments are available. Figure 1 presents our calculated potential curves for
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the LiH target and the associated lowest state of e+LiH. These calculations are
purely bound state studies ie without an R-matrix sphere. The upper curves
uses merely a standard basis (DZP (Dunning): (9s4p1d/4s2p1d) for Li and
(5s2p/3s2p) for H) to represent the target and compound system. Within this
model the positron is barely bound. The lower curves augmented this basis with
diffuse functions (5s functions with exponents: 0.0100, 0.0050, 0.0025, 0.0010,
and 0.0005; 4 p functions with exponents 0.0090, 0.0060, 0.0030, and 0.0009;
1 d function with exponent 0.056). As expected for a variational procedure,
this lowers the target energy. However the energy of the compound system is
lowered significanly more leading to the well bound system predicted by the
studies quoted above. At the level of correlation used in our present codes,
which takes into all single excitations only, this calculation cannot be expected
to be fully quantitative but it certainly reproduces the qualitative features of
the more sophisticated studies cited above.
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FIG. 2. Cross-section for positron-N2 scattering

Figure 2 gives results for a number of studies on elastic scattering of positrons
by molecular nitrogen. This collision problem is of particular importance
since N2 is the gas usually employed in positron traps to thermalise the
positrons. As is well-know from earlier studies [16], the static approximation
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leads to cross section which are systematically too high below the positronium
formation threshold. This approximation overestimates the repulsion between
the target and the incoming positron since the target is frozen and unable to
polarise. Inclusion of this polarisation is altogther trickier and, unlike the static
approximation, shows a strong model dependence. Figure 2 shows that using
the model based on eq. (1) performs reasonable well at the higher energies
considered, which is of comparable quality with earlier R-matrix studies [16],
but is unable to reproduce the correct behaviour at the lowest energies. This is
due to the incomplete representation of polarisation effects.

IV. CONCLUSIONS

As is well-known the inclusion of polarisation (or correlation) effects in low-
energy positron collision problems is significantly more demanding than in
the corresponding electron collisions. The treatment of correlation effects in
the calculations of the electronic structure of small molecules has made huge
recent strides by employing methods which explicitly treat the electron-electron
coordinate [27]. Such methods have been employed very successfully by Armour
and co-workers for positron-H2 collision problems [25]. It would seem that for
significant progress to be made, this approach should be generalised, perhaps
by adapting the formalism of Gdanitz [26]. Such a development should prove
particularly important for treating the interesting and not well understood
positron annihilation problem.
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In the last decade of 20’th century a breakthrough in the studies of positronic
matter has happened. This recent progress is mainly due to two computational
methods: Quantum Monte Carlo simulations and variational calculations with
the basis of explicitly correlated Gaussian (ECG) functions. The latter method
provides very accurate energies and good annihilation rates of small positronic
atoms and molecules (practically, containing up to 4 electrons). Studies of
larger positronic atoms with one or two valence electrons were also performed,
with atomic cores excluded from the explicitly correlated part of the wave
function, while the core-valence and core-positron correlations were represented
by polarization potentials. Finally, accurate adiabatic interaction energies for
interactions of antihydrogen atoms with atomic and molecular hydrogen, and
with helium in singlet and triplet states should be mentioned.

Studies of positronic matter with ECG functions are carried out, among
others, in our laboratory. The first part of the present text is devoted to this
kind of wave function and respective computational techniques. On the other
hand, these calculations are very time consuming. There is still no efficient
method, which would make it possible to perform routine calculations on larger
positronic molecules, giving reasonable annihilation rates. An approach, which
is based on adiabatic separation of electronic and positronic degrees of freedom
and could fulfill this requirement for a wide class of positronic molecules, will
be introduced in the second part.

I. VARIATIONAL CALCULATIONS WITH EXPLICITLY
CORRELATED GAUSSIAN FUNCTIONS

The wave function should possess a maximum at the coalescence point for an
electron-positron pair, which has zero relative angular momentum. Accordingly
to the cusp condition [1],

lim
rep→0

∂ψ

∂rep
= −1

2
(1)
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there is a discontinuity of first derivative of the wave function at this point. Such
a maximum would be best reproduced by a factor, having the form of e−αrep ,
which would resemble the wave function of positronium. Unfortunately, wave
functions depending exponentially on interparticle distance, lead to complicated
integrals, if more than 3 particles are involved. The cusp can be also well
reproduced by simple linear factor, which appears as the second term in
power expansion of exponential function. The efficiency of such a correlation
factor is known since the early work of Hylleraas [2]. Trial wave functions,
depending on powers of interelectronic distance, provided many valuable results
for few electron atoms and two-electron molecules. However, ansatz with linear
dependence on electron-positron distance has failed to predict the existence
of a bound states in positronic lithium [3] and metastable positronic helium
[3,4], both having the structure of a loosely bound positronium, polarized in the
electric field of charged atomic core. It appears, that the ability to fulfill the cusp
condition alone by the basis functions, does not guarantee fast convergence of the
expansion towards the solution of the Schrödinger equation. It has been shown,
that power dependence on the electron-positron distance leads to spurious nodal
hypersurfaces and maxima of the density [5]. This deficiency is shared between
CI and Hylleraas-type functions.

Therefore, it is important that correlation factors, occuring in basis functions
used for positronic atoms and molecules, not only possess a maximum at
the coalescence point, but also decrease to zero, as the interparticle distance
increases. Such an ansatz, in the form of a linear combination of explicitly
correlated Gaussian functions, has been proposed by Boys [6] and Singer [7] (in
different, but mathematically equivalent forms). We are using the Boys form,

Ψ =

K∑

I=1

CI Âe
−PN+N

i=1 α
(I)
i (ri−R

(I)
i )2−PN+N

i>j β
(I)
ij (ri−rj)

2

ΘI , (2)

where Â is the appropriate antisymmetrizer and Θ denote spin functions. This
kind of wave function was for many years regarded as inferior to Hylleraas-
type functions, as it is unable to describe the cusp (only even powers of rij
appear in the power expansion of correlation factors). The great advantage
of ECG basis is that all integrals, needed for calculation of nonrelativistic
energy, can be expressed by analytical formulas and the most complicated of
them involve the error function. This simplicity opens the door to efficient
optimization of nonlinear parameters α, β and R. It has been demonstrated,
that such an optimization is crucial for obtaining energies of high accuracy,
which is comparable or even better than that given by Hylleraas (or James-
Coolidge and Ko los-Wolniewicz, for molecules) functions, both for normal and
positronic systems (see [8,9] for a review). Moreover, the ECG function is the one
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explictly correlated ansatz, which can be applied for molecules of any geometry.
The numbers of electrons (N) and positrons (N) are limited only by available
computational resources.

PsLi+ e+LiH, R=3.365 bohr

K E (hartree) K E (hartree)

1504 -7.5324063 1024 -8.107563
2000 -7.50340771 2048 -8.107865
1not converged yet

Table 1: Variational energies of PsLi+ and e+LiH

For the optimization of nonlinear parameters, a method described in reference
[10] is used. Parameters of a single, chosen basis function are optimized
simultaneously with Powell’s method of conjugate directions. Such a limitation
has been introduced in order to avoid recalculation of full H and S matrices
in each step. Only a single row and column of these matrices have to be
updated. After the energy is minimized with respect to parameters of the
actually optimized function, the procedure moves onto next basis function.
The whole process is stopped, when the energy is lowered by less than a given
threshold in a big cycle, which passes through all basis functions. In table
1 results for positronic lithium (PsLi+) atom and positronic lithium hydride
(e+LiH) molecule at its equilibrium geometry are presented. The energies are
lowest reported to date for these systems. While the energy of PsLi+ has
converged to the accuracy of about 1 µhartree, the error for e+LiH is by two
orders of magnitude larger at similar expansion length.

Calculations with fully correlated wave functions are unlikely to be carried
out for large systems, as their computational cost increases very quickly with
the number of active particles. The most time consuming part of the algorithm
is usually the calculation of two-particle integrals. For a system containing
N electrons and N positrons, described with K-term ECG function, it scales
proportionally to K2N !N !(N +N)4. Increasing complexity of matrix elements
is not the one reason for longer computation times, as for a larger system, more
basis functions are required for the results of the same accuracy, than for a
smaller one. Furthermore, each basis function depends on a larger number of
parameters, so that the energy has to be computed more times in the process
of optimization.

II. ADIABATIC SEPARATION OF ELECTRONIC AND POSITRONIC
DEGREES OF FREEDOM

Yet another approximate method of solving the leptonic Schrödinger equation
for positronic atoms and molecules (containing only 1 positron) is currently
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being developed in our laboratory. For given, fixed nuclear coordinates, the
leptonic wave function is assumed to be a product of positronic and electronic
functions,

Ψlep(rp, re) = Ψp(rp)Ψe(rp, re). (3)

This approach could be called as second stage of adiabatic approximation (the
first stage would be the obvious separation of nuclear and leptonic motions).
Although the idea of not treating the positron on equal footing with electrons
seems to be wrong, as the masses of particles are equal, it may appear to be
not as crazy as it looks like. Treating the positron as a pseudonucleus and
centering basis functions on it is, in some sense, equivalent to using a correlated
ansatz. The Coulomb hill of the electron density on the positron, which is hardly
available to methods based on configurational expansion, occurs in a natural
way, giving a hope for good annihilation rates. The adiabatic approximation
works well, if the separated subsystems move in different time scales. This
assumption may be fulfilled quite well for a wide class of atoms and molecules,
which do bind the positron weakly. The positron, in such bound states, occupies
outer areas of the atom or molecule and moves slower than the electrons.

The first problem to be addressed is an optimal separation of the leptonic
hamiltonian to electronic and positronic parts,

Ĥlep = Ĥe + Ĥp, (4)

for which fulfilling of the electronic Schrödinger equation by the electronic wave
function is required,

ĤeΨe(rp, re) = Ee(rp)Ψe(rp, re). (5)

Assuming that Ĥp = T̂p (i.e. the operator of kinetic energy of the positron),
similarly to the adiabatic separation of nuclear motions, which is discussed
in handbooks of quantum chemistry, is not the one possibility. For example,
Mohallem proposed a method, which includes T̂p into Ĥe [11]. Boroński and
Stachowiak developed another approach, which treats the positron as a light
nucleus having the charge of 1

2 , aimed at description of the positron in metal
lattices [12]. There is nothing fundamental against exploitation of that idea
for atoms and molecules, and its obvious generalization leads to treating the
effective charge of the positron, qp, as a variational parameter of the method.

Ĥe becomes then

Ĥe = −1

2

Ne∑

i=1

∇2
i −

Nnuc∑

α=1

Ne∑

i=1

Zα
rαi

+

Ne∑

i>j

1

rij
+

Nnuc∑

α=1

Zαqp
rαp

−
Ne∑

i=1

qp
rip
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and the remaining part constitutes the Ĥp operator

Ĥp = −1

2
∇2
p +

Nnuc∑

α=1

Zα(1− qp)
rαp

−
Ne∑

i=1

1− qp
rip

Insertion of wave function (3) in the Schrödinger equation and integration
over electronic coordinates leads to the equation for postronic function

[
−1

2
∇2
p +Ee(rp) + Ves(rp) +Ead(rp)

]
Ψp(rp) = ElepΨp(rp)

The electronic energy, Ee, follows from equation (5) and has no physical
meaning. The electrostatic correction, Ves, contains the electrostatic interaction
of remaining positronic charge, 1− qp, with the nuclei and electrons.

Ves(rp) =

Nnuc∑

α=1

Zα(1− qp)
rαp

− 〈Ψe(rp, re)

∣∣∣∣∣
Ne∑

i=1

1− qp
rip

∣∣∣∣∣Ψe(rp, re)〉

Ead is the adiabatic correction

Ead = 〈Ψe(rp, re)

∣∣∣∣−
1

2
∇2
p

∣∣∣∣Ψe(rp, re)〉

Small positron mass implies the inadequacy of the Born-Oppenheimer approx-
imation, so that Ead has to be evaluated. It is the one serious obstacle to be
overcome, before the method discussed here could be routinely applied. As long
as the electronic energy is obtained with a variational method and the adiabatic
correction is calculated accurately, the leptonic energy also remains variationally
bound.

Let us conclude with the remark, that any approximation should be first tested
on small systems, for which accurate, benchmarks results from fully correlated
calculations are available. Respective tests for model one- and two-electron
atoms are currently carried out in our laboratory.
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I. INTRODUCTION

The accurate description of positron containing systems (e.g. molecules
with a positron attached) represents a major methodological challenge for
both Quantum Chemistry and Computational Physics due to the attractive
Coulomb interaction between positrons (e+) and electrons (e−). This attraction
induces a ”pile-up” of the electron density at the coalescence point with the
positron, an effect not present in a system containing only electrons. In the
latter case, the probability of finding two electrons at coalescence is reduced
by their mutual repulsion and by the Pauli principle, so that a single-particle
description of the electronic structure (e.g. the Hartree-Fock wave function) is
a suitable starting point for any improvement. Thus, it has been possible to
devise effective methods correcting for the lack of a correlated description of the
electronic motion, allowing the routine calculation of energy differences with
an accuracy better than 1 kcal/mol (chemical accuracy) for systems containing
10-30 electrons.

Unfortunately, the different behaviour of the wave function for a positronic
system close to the e+-e− coalescence point is such that the description provided
by a single-particle model wave function gives a fairly inaccurate representation
of the relative e+-e− distribution. As a consequence, this forces to use explicitly
interparticle distances in the model wave function, with the net effect of making
the evaluation of expectation values more difficult. In other words, one has to
rely on complicate and expensive treatments even for small systems, a reason
perhaps explaining the limited number of ab initio calculations published on
positronic species so far. Among these, noteworthy are the work carried out by
the Darwin group [1] on e+A and PsA species (where A is an atom with either
one or two valence electrons) and by Strasburger on small molecules [2].
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Recently, quantum Monte Carlo (QMC) methods have emerged as an
alternative to more standard ab initio techniques for the treatment of positronic
systems [3–5]. The advantage of QMC, in its two variants variational Monte
Carlo (VMC) [6] and diffusion Monte Carlo (DMC) [7], is provided by
the possibility of estimating expectation values of explicitly correlated wave
functions without the analytical calculation of complicate integrals. Perhaps
even more interesting, it is the ability of DMC of projecting out excited state
components from any model function, therefore sampling the ground state of the
Schrödinger equation. This has allowed, so far, the accurate study of positronic
systems containing up to 12 electrons, a quite demanding task for standard ab
initio methods. With the computer resources available nowadays, one would
also expect to be able to confront species containing up to 50 electrons with an
accuracy better than the chemical one.

Bearing in mind the latter comments, this contribution focuses only on the
most recent advancements of QMC tailored to describe positronic systems. In
particular, we wish to describe two QMC-based schemes tackling the calculation
of annihilation rates and the description of collisional events between a molecule
(albeit small) and e+ or a positronium atom (Ps).

II. ELASTIC SCATTERING FROM QMC SIMULATIONS

Obtaining accurate information on e+ and Ps scattering off atoms and
molecules requires an accurate description of the attractive interaction between
the impinging projectile and the electrons of the target molecule, especially when
the target has a large polarizability. The natural ability of QMC to recover a
large fraction (≥90%) of the electron-electron correlation energy and completely
the positron-electron one makes it a suitable candidate for this task. However,
QMC is intrinsically a ground state method, a peculiarity that, at least in
principle, limits its use in this field. Luckily, both e+ and Ps seem to form
complexes presenting a single bound state at most, therefore facilitating the
task of maintaining scattering states orthogonal to bound ones. So, following
suggestions made by Alhassid and Koonin [9] and by Carlson et al. [10], we
implemented a QMC-based scattering method which closely mirrors the R-
matrix approach [11] used in electron scattering [12] and recently extended to
deal with projectile having an internal structure [13].

Briefly, the methodology requires to simulate the composite target-projectile
system enclosed in a spherical box with rigid walls (thus preventing the projectile
from leaving the interaction region) and it is well suited to deal with low energy
scattering. Assuming the box radius to be sufficiently large, the total wave
function near the boundary of the box can be written as product of three
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wave functions, two describing the internal structure of the fragments and one
describing their relative motion. This allows us to compute the momentum k
of the impinging projectile using the energy difference between the composite
system, the target and the projectile constrained in the box. In turn, knowing
k allows one to compute the phase shift for the partial wave under study.

As first application, the methodology was used to study the scattering of
positronium (Ps) off H and He, the latter being a demanding case due to
its internal structure. In both cases, several excited states for the composite
systems were computed during a single simulation using the correlation function
DMC approach [14]. This allows one to increase the magnitude of the relative
momentum accessible by the simulations without violating the assumption of
weak interaction near the boundary of the box. Figure 1 presents the results
obtained for He using QMC and compares them with other recent theoretical
results in which a rigid description of the He target was implemented.
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Figure 1: Phase shift as a function of the momentum of the impinging projectile for the scattering

of Ps off He. The solid line (FCSVM) represents the results obtained using a stabilization method

in conjunction with stochastic variational minimization (SVM), explicitly correlated Gaussians and

a frozen (FC) description of the He target [15]. The dashed line indicates the results of a R-matrix

calculation including 22 pseudo-states in the description of Ps and a frozen He target [13].

The results in Figure 1 seem to suggest that the ”flexible” description provided
by QMC for both fragments ”softens” somewhat the target, substantially
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reducing the collisional cross section. In fact, the latter decreases from 13.2
a.u. and 10.56 a.u. for the R-matrix and the FCSVM results, respectively, to
7.89 a.u. in the QMC case.

III. ANNIHILATION RATES FROM QMC SIMULATIONS

The calculation of positron annihilation rates and Zeff requires the estimate
of the expectation value for the Dirac delta operator δ(r+−) (r+− is the e+-e−

distance). In principle, this expectation value may be obtained counting the
number of QMC samples for which r+− ≤ ε, where ε is small (e.g. 0.3 bohr)
and ad hoc. More precisely, a pre-limit form of the Dirac delta is assumed,
and the expectation value of this ”discretized” operator is computed during
the simulation. Unfortunately, this simple approach suffers from two important
drawbacks, namely the divergence of its variance for ε→ 0 and the small number
of samples falling within the range 0 < r+− ≤ ε (see Figure 2 for an example).
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Figure 2: Electron-positron intracule distribution for a model system as computed using QMC

simulations. Clearly visible in the picture, it is the lack of sampling in the region around the

coalescence point.

A simple but effective way of circumventing these difficulties is provided by
the analytical continuation of the e+-e− intracule distribution in the range of
distance r+− where the QMC sampling is scarce [8]. To do so, one may fit
the intracule density in a region close to the e+-e− coalescence (say on the
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range 0.5-1.0 bohr in Figure 1) with an analytical function, which is then used
to extrapolate to r+− → 0. The integral required to normalize the intracule
density could then be split in two part, one computed using the fitted function
and the other directly using the sampled distribution. We found convenient
to carry out the extrapolation to r+− → 0 using a Jastrow factor of the form

J(r) = Ae−
αr+βr2

1+γr with the exact cusp condition enforced by choosing the correct
value for α. This introduce the correct limiting behaviour for the extrapolating
function. Although approximate, this approach was found useful to study the
behaviour of 〈δ(r+−)〉 as a function of the nuclear distance in a model e+LiH
system [8]. Besides, its extreme simplicity makes it easy to extend to larger
systems.

In spite of the reasonable success of the method described above, it would
nevertheless be advantageous to derive a QMC technique that is formally exact,
at least in the limit of statistical nature of the QMC simulations. Such task
would require to make no approximation on the relative position between an
electron-positron pair, and hence to compute the exact value of the intracule
distribution at coalescence. In this respect, it was recently noticed that this goal
can be easily reached within the framework of VMC simulations [16] by simply
rewriting the expectation value over the Dirac delta as

〈δ(r+−)〉T =

∫
δ(r+−)Ψ2

T (R)dR∫
Ψ2
T (R)dR

=

∫
Φ2
T (X)χ(r+−)dR∫

Ψ2
T (R)dR

(1)

where R = (r1, r2, .., rN, r+) is the position of the N system electrons and the
positron, X = (r1, r2, .., rN) is the position of only the N electrons, ΨT (R)
is an approximate wave function for the system, χ(r+−) is a 3D normalized
function of r+− and ΦT (X) =

∫
δ(r+−)ΨT(R)dr+. Apart from providing a

practical and efficient way to estimate 〈δ(r+−)〉T during a VMC simulation,
this idea also paved the way for the exact calculation of this expectation value.
Indicating with Ψ0(R) the exact wave function for the system and defining
Φ0(X) =

∫
δ(r+−)Ψ0(R)dr+, 〈δ(r+−)〉0 can be rewritten as

〈δ(r+−)〉0 =

∫
Φ2

0(X)dX∫
Ψ2

0(R)dR

=

∫
Φ2

0(X)dX∫
Φ2
T (X)dX

∫
Φ2
T (X)dX∫

Ψ2
T (R)dR

∫
Ψ2
T (R)dR∫

Ψ2
0(R)dR

= U
∫
⊕∈T (X)dX∫
	∈T (R)dR

V−∞ (2)

were the central ratio of integrals is given by Equation 1. The remaining two
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ratios can be estimated using the descendant weighting approach [17], making
sure that the simulations required to estimate U initially sample Φ2

T (X).

This approach was found useful to estimate accurately 〈δ(r+−)〉 for the bound
state of Ps− and PsH. Moreover, we found that it could be easily extended to
estimate Zeff during the elastic scattering of e+ off small atomic targets, as
shown in Figure 2 for H.
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Figure 3: Zeff as a function of the impinging positron momentum for the s-wave elastic

scattering off H. The inset shows the phases shift values in the same range of momentum. The

Zeff estimate given by the solid line is taken from Ref. [18].

CONCLUSIONS AND OUTLOOK

Some recent advancements of QMC methodologies have been briefly pre-
sented. These advancements are tailored to tackle positronic systems, the latter
not being easily amenable to more standard quantum chemistry treatments.
It is the hope of the author that the applications succinctly presented in the
previous paragraphs could spark more interest in this methodology and perhaps
motivate further research in this area. Of course, the ideal goal would be to
bring QMC to a stage in which it could provide some of the theoretical support
needed in this field. Certainly, new phenomena just await to be unveiled by the
synergic interplay between experiments and theory.
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energies of the atoms He through Kr
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The second-order Møller–Plesset (MP2) correlation energies
of the atoms He through Kr have been computed using the
explicitly-correlated MP2-R12 approach, large basis sets of primitive
Gaussians, and a spin-unrestricted Hartree–Fock (UHF) reference
state. Inner-core electrons were not correlated. Accurate data
exist in the literature for the alkaline earth metals, the noble gases,
and zinc. Our results for the valence-shell second-order correlation
energies of these elements agree with the literature data to within
0.5%, and we expect that the results for the other atoms are similarly
accurate.

I. INTRODUCTION

With the aim of providing reference data for the construction and optimization
of basis sets for correlated electronic-structure calculations, we have recently
computed the spin-unrestricted valence-shell second-order Møller–Plesset (MP2)
correlation energies of the atoms He through Kr using the explicitly-correlated
MP2-R12 method [1,2]. Work on the fifth and higher periods of the periodic
table of the elements is in progress.

In the following sections, we shall briefly present the MP2-R12 method for a
spin-unrestricted Hartree–Fock (UHF) reference state (Section II), the basis sets
used in the present work (Section III), and the results obtained for the atoms
He–Kr (Section IV). An outlook on future work concludes the article.

∗To whom correspondence should be addressed (klopper@chem-bio.uni-karlsruhe.de)
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II. THE MP2-R12 METHOD

In the spin-unrestricted MP2-R12 method, we minimize the Hylleraas
functional

H [uij ] = 〈uij |f̂1 + f̂2 − εi − εj |uij〉+ 2〈uij |r−1
12 |ij〉, (1)

where |uij〉 is the pair function that is variationally optimized and |ij〉 the two-
electron determinant containing the two occupied canonical spin-orbitals ϕi and
ϕj ,

|ij〉 = 1√
2
{ϕi(x1)ϕj(x2)− ϕj(x1)ϕi(x2)}. (2)

All quantities are assumed to be real, f̂1 and f̂2 are the Fock operators for
electrons 1 and 2, respectively, and εi and εj are the orbital energies of the
canonical Hartree–Fock spin-orbitals ϕi and ϕj , respectively. The second-order
correlation energy is obtained as a sum of pair energies,

E(2) =
∑

i<j

εij =
∑

i<j

H [uij ]min, (3)

where the sum runs over all (valence-shell) occupied orbitals that are included
in the correlation treatment.

The MP2-R12 method used in the present work is based on the orbital-
invariant formulation of MP2-R12 theory [2] and was applied as implemented in
the DIRCCR12-OS program [3]. In this method, the pair function is written
as |uij〉 = |vij〉+ |wij〉, and the Hylleraas functional (1) consists of a sum of two
terms that are individually minimized,

H [uij ] = HMP2[wij ] + 〈vij |f̂1 + f̂2 − εi − εj |vij〉+ 2〈vij |r−1
12 |ij〉, (4)

with

|vij〉 =
∑

k<l

cklij Q̂12r12|kl〉 =
∑

k<l

cklij (1− P̂1)(1− P̂2) r12|kl〉 (5)

and

|wij〉 =
∑

a<b

tabij |ab〉. (6)

The sum over k, l runs over the occupied Hartree–Fock orbitals, the sum over a, b
over the virtual orbitals, P̂1 and P̂2 are the projection operators for electrons 1
and 2, respectively, onto the orbital space spanned by the one-electron basis set,
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and cklij and tabij are the variational parameters (amplitudes) to be determined.
If only the valence-shell orbitals i, j are correlated, then the sum over k, l is
restricted to the same set of valence-shell occupied orbitals.

The minimum of HMP2[wij ] is the conventional MP2 energy, and the
R12 correction to this energy is calculated by minimizing the R12 Hylleraas
functional

HR12[vij ] = 〈vij |f̂1 + f̂2 − εi − εj |vij〉+ 2〈vij |r−1
12 |ij〉

=
∑

k<l

∑

m<n

cklijB
ij
kl,mnc

mn
ij + 2

∑

k<l

cklijV
ij
kl , (7)

with

Bijkl,mn = 〈kl|r12Q̂12(f̂1 + f̂2 − εi − εj)Q̂12r12|mn〉 (8)

and

V ijkl = 〈kl|r12Q̂12r
−1
12 |ij〉. (9)

The evaluation of the many-electron integrals occuring in Eqs. (8) and (6) has
been described in detail elsewhere [4].

In the present work, we are concerned with MP2-R12 energies of open-shell
atoms, using a spin-unrestricted Hartree–Fock reference state with α and β spin
orbitals. Hence, we decompose the MP2-R12 energy as follows:

E(2) =
∑

iα<jα

εiα,jα +
∑

iβ<jβ

εiβ ,jβ +
∑

iα,jβ

εiα,jβ , (10)

where the sum over iα, jα runs over the (valence-shell) occupied spin-orbitals
with α spin and the sum over iβ, jβ over those with β spin. The sums over
k, l and m,n in Eq. (7) can be decomposed analogously, and thus, in the spin-
unrestricted case, it remains to evaluate integrals of the types

V iαjαkαlα
= 〈kαlα|r12Q̂12r

−1
12 |iαjα〉, (11)

V
iβjβ
kβlβ

= 〈kβ lβ|r12Q̂12r
−1
12 |iβjβ〉, (12)

V
iαjβ
kαlβ

= 〈ϕkαϕlβ |r12Q̂12r
−1
12 |ϕiαϕjβ 〉, (13)

and

Biαjαkαlα,mαnα
= 〈kαlα|r12Q̂12(f̂1 + f̂2 − εiα − εjα)Q̂12r12|mαnα〉, (14)

B
iβjβ
kβ lβ ,mβnβ

= 〈kβ lβ|r12Q̂12(f̂1 + f̂2 − εiβ − εjβ )Q̂12r12|mβnβ〉, (15)

B
iαjβ
kαlβ ,mαnβ

= 〈ϕkαϕlβ |r12Q̂12(f̂1 + f̂2 − εiα − εjβ )Q̂12r12|ϕmαϕnβ 〉. (16)

54



Note that simple orbital products such as ϕkαϕlβ ≡ ϕkα(x1)ϕlβ (x2) occur in
Eqs. (13) and (16) for unlike spins, whereas two-electron determinants such as
|kαlα〉 and |kβlβ〉 occur in the like-spin αα and ββ cases, respectively.

The DIRCCR12-OS program [3] was used to compute all of the matrices
Bij and vectors Vij for the three spin cases αα, ββ, and αβ [5].

III. BASIS SETS

The basis sets used in the MP2-R12 calculations were derived mostly from
the (augmented) correlation-consistent polarized-valence quintuple-zeta basis
sets of Dunning and co-workers [6–10] and in a few rare cases from the def2-
QZVPP basis of Weigend and Ahlrichs [11]. All of the basis sets used were
fully uncontracted, and in general only a few tight polarization functions were
added. The s-block elements and the atoms Ga–Kr required special attention,
because we wanted to correlate more electrons than the original basis sets had
been designed for. In the following, we briefly describe how we constructed our
basis sets, which are available upon request.

He: Sets of tight functions (1d1f1g) with exponents ζN+1 = ζ2
N/ζN−1

were added to the uncontracted aug-cc-pV5Z basis. Li, Be: Sets of diffuse
functions (1s1p1d1f1g1h) as well as tight functions (1f1g1h) were added to
the uncontracted cc-pV5Z basis. B–F: Sets of tight functions (2d1f1g1h) were
added to the uncontracted aug-cc-pV5Z basis. Ne, Na: Basis sets of the types
15s9p10d7f6g3h and 21s12p9d9f6g5h, respectively, were constructed from the
uncontracted def2-QZVPP basis [11]. Mg: Several functions were added to the
uncontracted aug-cc-pV5Z basis to form a basis of the type 21s15p9d7f6g5h.
Al–Ar: Sets of tight functions (1d1f1g1h) were added to the uncontracted aug-
cc-pV(5+d)Z basis [8]. K, Ca: Basis sets of the types 30s21p12d9f8g7h and
29s21p14d9f8g7h, respectively, were constructed from the uncontracted def2-
QZVPP basis [11]. Sc–Zn: Sets of tight functions (1f1g1h) were added to the
uncontracted aug-cc-pV5Z basis of Balabanov and Peterson [10]. Ga–Kr: Basis
sets of the type 29s20p14d9f8g7h were constructed from the uncontracted aug-
cc-pV5Z basis of Wilson and co-workers [9].
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FIG. 1. Graphical representation of the exponents of the basis sets for the atoms F,
Ne, Na, Mg, Al, and Si.

The basis sets for Ne and Na were derived from the def2-QZVPP basis,
because this yielded a lower Hartree–Fock energy than the (aug-)cc-pV5Z basis.
The def2-QZVPP basis was also chosen for K (for which no cc-pV5Z basis exists)
and Ca. For the alkali and alkaline earth metals as well as the main group
elements of the fourth period, we added extra functions in order to be able
to correlate selected orbitals of the shell just below the outer-valence shell. For
example, we correlated the 2s and 2p orbitals of Na and Mg and the 3d orbitals of
Ga–Kr. In order to be able to do so, the exponents of the polarization functions
had to cover a wide range of exponents, as depicted in Figure 1.

IV. RESULTS

The UHF and MP2-R12 energies of the atoms He–Kr are presented in Table 1,
together with the term symbol of the atomic ground state (which does not
necessarily represent the symmetry of the UHF solution) and the number
of electrons that were correlated in the MP2-R12 approach. Data from the
literature [12–16] for atoms with closed-shell 1S0 ground states are given for
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comparison. The MP2-R12 energies consist of conventional MP2 energies and
R12 corrections, and both contributions are given.

The R12 contributions amount to roughly 2–5% of the conventional MP2
energies. They are only larger than 5% for the s-block elements K (7%) and Ca
(5.5%). For He and the elements of the second period, the R12 contributions
are 2–3%, for the elements of the third period and the d-block of the fourth
period, they amount to 2–4%, and for the main group elements Ga–Kr, they
vary between 3.5 and 4.5%. These small percentages indicate that the MP2-
R12 energies may be viewed as accurate estimates of the corresponding basis-set
limit. For the closed-shell atoms, our MP2-R12 energies agree to within 0.5%
with the literature data. Hence, as a rule of thumb, the large uncontracted basis
sets used in the present work yield conventional MP2 energies of about 95% of
the basis-set limit, whereas the MP2-R12 method yields about 99.5%. In other
words, the R12 corrections reduce the basis-set error by one order of magnitude
in these basis sets.

V. OUTLOOK

We plan to extend the present work to calculations of the MP2 energies
of atoms from the fifth and higher periods of the periodic table of the
elements. We feel that knowledge of the atomic basis-set limits might facilitate
the optimization of basis sets for correlated calculations, particularly when
developing balanced basis sets that recover roughly the same (prescribed)
amount of correlation energy for all of the atoms in a molecule.

Furthermore, we plan to assess the performance of basis-set extrapolation
techniques for spin-unrestricted MP2 energies. We shall not only investigate
the two-point formula of Helgaker and co-workers [17], which exploits the
X−3-convergence of correlation energies with the cardinal number X , but also
similar extrapolations using X−5 and X−3 formulas for like and unlike spins,
respectively, as done in the complete-basis-set (CBS) approach of Petersson [18].
Such a scheme has already been explored for singlet and triplet pair energies of
closed-shell systems in earlier work [19]. In this context, it also seems interesting
to assess the performance of the spin-component-scaled MP2 approach (SCS-
MP2) of Grimme [20], in which parallel- and antiparallel-spin pair-correlation
energies are scaled separately (see also Ref. [21]).

Finally, the present results may serve as reference data for the construction
and optimization of auxiliary basis sets for the RI-MP2-R12 method, in which
4-center-2-electron integrals are replaced by sums of products of 3-center-2-
electron integrals by virtue of the resolution-of-the-identity (RI) approximation.
This method was recently implemented [22] in the TURBOMOLE program,
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following previous work by Manby [23]. The results of the present work may
help to investigate the requirements on the auxiliary basis set needed for the RI
approximation in the RI-MP2-R12 method.

TABLE 1: Spin-unrestricted Hartree–Fock (UHF) and second-order Møller–Plesset

correlation energies of the atoms He through Kr. All energies are given in mEh.
Atom Term nae UHF MP2 R12 MP2-R12 Lit.b

He 1S0 2 −2 861.63 −36.71 −0.55 −37.26 −37.38c

Li 2S1/2 3 −7 432.75 −40.57 −0.89 −41.46
Be 1S0 4 −14 573.01 −74.51 −1.58 −76.09 −76.36c

B 2P1/2 3 −24 533.13 −48.66 −0.97 −49.63
C 3P0 4 −37 693.69 −74.94 −1.56 −76.50
N 4S3/2 5 −54 404.47 −108.27 −2.20 −110.47
O 3P2 6 −74 818.84 −166.02 −4.26 −170.28
F 2P3/2 7 −99 416.09 −234.36 −6.42 −240.78
Ne 1S0 8 −128 546.85 −312.22 −8.20 −320.42 −320.20d

Na 2S1/2 9 −161 858.81 −309.58 −10.51 −320.09
Mg 1S0 10 −199 614.61 −340.34 −13.17 −353.51 −354.58e

Al 2P1/2 3 −241 880.77 −39.41 −0.98 −40.39
Si 3P0 4 −288 858.85 −62.17 −1.61 −63.78
P 4S3/2 5 −340 719.18 −92.60 −2.35 −94.95
S 3P2 6 −397 513.26 −134.15 −4.54 −138.69
Cl 2P3/2 7 −459 489.80 −185.49 −6.96 −192.45
Ar 1S0 8 −526 817.35 −244.70 −9.58 −254.28 −254.57d

K 2S1/2 9 −599 164.68 −259.34 −18.05 −277.39
Ca 1S0 10 −676 758.00 −309.74 −16.91 −326.65 −326.93f

Sc 2D3/2 3 −759 740.90 −30.74 −0.91 −31.65
Ti 3F2 4 −848 414.70 −43.27 −1.16 −44.43
V 4F3/2 5 −942 893.59 −65.06 −1.49 −66.55
Cr 7S3 6 −1 043 356.77 −102.19 −1.16 −103.35
Mn 6S5/2 7 −1 149 869.83 −133.07 −2.43 −135.50
Fe 5D4 8 −1 262 455.52 −204.67 −6.30 −210.97
Co 4F9/2 9 −1 381 427.44 −280.65 −10.31 −290.96
Ni 3F4 10 −1 506 881.79 −369.66 −14.47 −384.13
Cu 2S1/2 11 −1 638 964.23 −564.14 −20.61 −584.75
Zn 1S0 12 −1 777 848.10 −577.22 −23.24 −600.46 −599.32g

Ga 2P1/2 13 −1 923 264.49 −578.88 −20.84 −599.72
Ge 3P0 14 −2 075 363.92 −594.83 −21.80 −616.63
As 4S3/2 15 −2 234 239.81 −623.49 −21.94 −645.43
Se 3P2 16 −2 399 875.46 −665.49 −26.35 −691.84
Br 2P3/2 17 −2 572 448.48 −716.37 −30.00 −746.37

Kr 1S0 18 −2 752 054.93 −773.67 −35.12 −808.79 −810.50d

a Number of electrons included in the correlation treatment. b Reference values taken from

the literature. c Ref. [12]. d Ref. [13]. e Ref. [14]. f Ref. [15]. g Ref. [16].
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I. APPROXIMATIONS IN LINEAR R12 THEORIES

Linear R12-type methods [1] have emerged as one of the most practical
electronic structure approaches which takes into account correlation between
electrons explicitly. The technical prowess of these methods is due to the
ingenious use of the resolution of the identity (RI) to approximate three- and
higher-electron integrals which appear in explicitly correlated methods. Since
only two-electron integrals appear, linear R12 methods of the Møller-Plesset
second-order method can be applied to the same molecular systems as the
conventional methods. Further improvements in computational efficiency are
possible due to improved RI techniques [2–4], density fitting [22,6], and local
correlation [7,8]. Ultimately, the coupling of linear R12-type methodology
with advanced many-electron correlation methods, such as multireference
perturbation theory, configuration interaction [9], and coupled-cluster method
[10], will enable robust first-principles computation of chemically-accurate
reaction enthalpies and rates.

One of the main barriers to wider adoption of linear R12 type methods is
the use of numerous approximations in addition to RI. Many combinations of
the approximations have been used, which complicates comparison of published
results and advancement of the methodology. Here I will review the “other”
approximations of linear R12-type methods and compare their effect on the
total energy.

The linear R12-type ansatz for the first-order pair function,

|ψ̃(1)
ij 〉 = v̂ij |ij〉+ ŵij |ij〉 (1)

v̂ij = tijab|ab〉〈ij| (2)

ŵij = Q̂12c
ij
kl|kl〉f12〈ij| (3)
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augments the conventional contribution from products of unoccupied Hartree-
Fock (virtual) orbitals, Eq. (2), with terms linear in the correlation factor,
f12 ≡ f(r12). Projector Q̂12 ensures orthogonality of the explicitly correlated
terms to all products of orbitals in the Hartree-Fock basis. The optimal choice
of the projector is referred to as Ansatz 2 [2] and can be written in several
equivalent forms, e.g.,

Q̂12 = (1− Ô1)(1− Ô2)− V̂1V̂2 , (4)

where Ô and V̂ are the projectors on the occupied and virtual orbitals,
respectively.

For simplicity, only evaluation of MP2-R12 energy will be considered here.
Due to imposed strong orthogonality, Hylleraas functional for the second-order
energy decomposes into sum of pair contributions

F (2)(ψ̃
(1)
ij ) = 2 Re 〈ij|r−1

12 |φ̃
(1)
ij 〉+ 〈φ̃(1)

ij |F̂1 + F̂2 − εi − εj |φ̃(1)
ij 〉 . (5)

where F̂ and ε are the Fock operator and orbital energy respectively. It is
a standard practice to define the following “intermediate” quantities which
appear upon substitution of Eq. (1) into the Hylleraas functional: first-order
Hamiltonian,

V ijkl = 〈kl|r−1
12 Q̂12f12|ij〉 , (6)

overlap,

X ij
kl = 〈kl|f12Q̂12f12|ij〉 , (7)

and normal,

Bijkl = 〈kl|f12Q̂12(F̂1 + F̂2)Q̂12f12|ij〉 , (8)

and coupling,

Aijab = 〈ab|(F̂1 + F̂2)Q̂12f12|ij〉 , (9)

zeroth-order Hamiltonian. No assumptions, other than RI, are necessary to
evaluate the first two intermediates. The latter two, however, are usually
computed using many additional approximations.

The first approximation is to assume Extended Brillouin condition (EBC)
[11],

(1− P̂ )F̂ V̂
EBC≈ 0 , (10)
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where P̂ is the projector on all Hartree-Fock orbitals. EBC holds exactly if the
Hartree-Fock basis is complete. Because early linear R12 computations required
a large Hartree-Fock basis set to use in the resolution of the identity, the use
of EBC was perfectly logical. Technical advantages due to the assumption of
EBC are significant: 1) the coupling matrix vanishes; 2) expressions for matrix
element of B become simpler. Klopper and Samson were first to investigate
MP2-R12 methods which did not assume EBC, however, the effect of EBC on
the energy was not reported [2]. May, Valeev, Polly, and Manby concluded that
the effect of EBC was much smaller than the remaining basis set incompleteness
error in the MP2-R12 energy, but comparable to the error in the energies
computed using a much more efficient Slater-type geminal correlation factor
[12]. Their recommendation was therefore to avoid using EBC in linear R12-
type calculations. A more rigorous recent study by Valeev [13] established
that the effect of EBC varies between +0.5 and -2.0 %, depending on the
correlation factor, when aug-cc-pVDZ Hartree-Fock basis is used. The EBC
effect is significantly less than 0.5% when aug-cc-pVTZ basis is used.

Generalized Brillouin condition (GBC) [11],

(1− P̂ )F̂ Ô
GBC≈ 0 , (11)

also becomes exact when the Hartree-Fock basis is complete. Compared to
EBC, GBC should be easier to satisfy in practice. In atomic computations,
for example, GBC is exact if the Hartree-Fock basis is saturated up to the
maximum angular momentum of the occupied orbitals. The use of GBC only
affects the matrix elements of B, but simplifies them substantially. May et al.
were first to examine how assumption of GBC affected MP2-R12 energies [12].
They concluded that it had negligible effect on the energies. A recent study by
Valeev found that the effect of GBC is less than 0.1% and significantly smaller
for bounded correlation factors [13].

To consider the last approximation, labeled as [K̂1 + K̂2, f12] ≈ 0, let us
examine the standard approach to computation of matrix B [11]:

Bijkl = 〈kl|f12Q̂12(F̂1 + F̂2)Q̂12f12|ij〉
= 〈kl|f12Q̂12[(F̂1 + F̂2), Q̂12f12]|ij〉+ 〈kl|f12Q̂12f12(F̂1 + F̂2)|ij〉
= 〈kl|f12Q̂12[(F̂1 + F̂2), Q̂12]f12|ij〉+ 〈kl|f12Q̂12[(F̂1 + F̂2), f12]|ij〉

+ 〈kl|f12Q̂12f12(F̂1 + F̂2)|ij〉 . (12)

The first and third terms can be evaluated explicitly via RI insertions but they
simplify significantly from assumptions of EBC/GBC and GBC, respectively.
The second term has the same form as matrix elements of V and X (Eqs.
(6) and (7)), but the matrix elements of the [F̂1 + F̂2, f12] operator cannot be
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evaluated in closed form. The solution is to separate the kinetic energy, T̂ , and
exchange operator, K̂:

[F̂1 + F̂2, f12] = [T̂1 + T̂2, f12]− [K̂1 + K̂2, f12] (13)

Matrix elements of the first term can be computed in closed form, whereas the
second term can be evaluated via RI insertion (standard approximation B) or
dropped altogether (standard approximation A). The omission of the exchange
commutator therefore leads to significant technical simplification of expressions
for matrix elements B, but at the cost of slower asymptotic convergence than
the rigorous method [11,2]. The effect of the [K̂1 +K̂2, f12] ≈ 0 assumption is to
make the MP2-R12 energy more negative. The extent of the energy lowering is
highly basis-set and correlation-factor dependent. The use of partial wave basis
sets always seems to cause the MP2-R12/A energy to overshoot the limiting
value [2]. When a correlation-consistent Hartree-Fock basis set is used, MP2-
R12/B energies are too high and MP2-R12/A energies are usually closer to
the basis set limit due to the fortuitous cancellation of errors. When a more
flexible correlation factor is used, the error of energies computed in standard
approximation B is much smaller and it is possible for the MP2-R12/A energy
to overshoot the limiting value, by as much as 5 % at the aug-cc-pVDZ level
[13].

A promising approach to avoid the use of any approximations other than RI
is the approach of Kedžuch et al., which they dubbed standard approximation
C [14]. The only difference between approximations B and C is the manner
in which intermediate B is manipulated. Initial applications indicated that
MP2-R12/C energies are always closer to the limit than their MP2-R12/B
counterparts. This result, however, seems to be an artifact of using one basis
set for the Hartree-Fock calculation and RI. Because technical expressions of
standard approximation C are simpler than others, and [T̂1 + T̂2, f12] are no
longer necessary, it is likely that approximation C will be the preferred method
in the future.

The consensus at the time of writing is that the use of GBC is completely
warranted, whereas the assumption of EBC and omission of the exchange
commutator is possible when the Hartree-Fock basis is at least of a triple-zeta
quality and not too high of accuracy is sought. In general, one should avoid
using of the latter approximations.
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The past few years have seen numerous developments in the
field of explicitly correlated electronic structure theory. These fall
broadly into two categories, addressing issues of accuracy and of
efficiency. On accuracy, two key conclusions emerge. Firstly, the
original R12 framework, based on the generalized Brillouin condition
and the resolution of the identity, remains perfectly sound; and
in any case the former can be avoided and the latter improved.
Secondly, the replacement of linear r12 with just about any short-
ranged form f12 delivers great improvements in accuracy. In terms
of efficiency, it has been shown that two well tested approaches —
density fitting and local approximations — can be used successfully
in MP2-F12 theory to reduce greatly the expense of moving to more
accurate basis sets and to larger molecules.

I. INTRODUCTION

A. MP2-R12 wavefunctions

We consider the class of MP2 theories with first order pair functions built
from the conventional virtual orbital products, augmented by a few explicitly
correlated terms:

|uij >= T ijab|ab > +tijklQ̂12f12|kl > . (1)

Summation over repeated dummy indices is assumed here and throughout, and
the conventional choices are made for orbital indices: ijkl for occupied; abcd for
virtual; and pqrs for any. In the original work by Kutzelnigg and Klopper the
explicit dependence on r12 was linear, ie f12 = r12 [1–3]. The summation over
kl in the second term was restricted to kl = ij, ji, but extending the summation
over all occupied pairs is preferable as it leads to orbital invariance [4].
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Second order correlation energies can then be obtained by minimizing the
Hylleraas functional

< uij |f̂1 + f̂2 − εi − εj |uij > +2 < uij |r−1
12 |ij > ≥ ε

(2)
ij (2)

with respect to the amplitudes T ijab and tijkl.
The decomposition of the MP2 energy into a sum over pair functions relies on

the strong orthogonality of the first order pair functions to the occupied space [5].
Whereas in conventional MP2 this can be taken as read, in MP2-R12 theory the
pair functions must be explicitly projected using a strong orthogonality operator
Q̂12. This can take a variety of forms, but the most relevant to current thinking
in the field is

Q̂12 = (1− Ô1)(1− Ô2)(1− V̂1V̂2) (3)

where Ô = |i >< i| and V̂ = |a >< a|.
The well known trouble with theories based on explicitly correlated wavefunc-

tions is the introduction of integrals over the coordinates of numerous particles:
even at the level of MP2 theory, the ansatz of Eq. (1) introduces 3- and 4-
electron integrals. These must at all costs be avoided if progress is to be made
beyond systems of a few electrons.

B. Resolution of the identity

The key technology that is brought to bear in the R12 class of theories is
the resolution of identity (RI), which, miraculously, breaks up many-electron
integrals into sums of products of 2-electron integrals [3]:

< ijk|r12r
−1
23 |klm > ≈ < ijk|r12P̂

′
2r
−1
23 |klm >

= < ijkp′|r12r
−1
34 |kp′ml >

= < ij|r12|kp′ >< p′k|r−1
12 |lm > . (4)

Here the RI is performed in an auxiliary basis set [6], and, as indicated below,
the errors associated with this approximation can be made small.

II. ACCURACY

A comprehensive review of the developments in terms of accuracy is com-
pletely unnecessary here, if only because they are well described by the other
contributors to the present volume. However, some comments may be in order
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to highlight the key findings of the past few years. First the facts: MP2-R12
performs very well at recovering the last minute details of correlation energy in
large basis sets. It does not perform well in basis sets that are currently deemed
reasonable for the treatment of large molecules, ie basis sets of double-, triple-
or maybe quadruple-zeta quality.

Two reasons could be identified for this shortcoming: either the larger basis
sets reduce the impact of certain approximations in R12 theory (for example the
generalized Brillouin condition (GBC), or RI in the AO basis); or perhaps in the
larger basis sets the R12 correction is so minute that any sources of error have a
correspondingly diminished impact. In any case there was clearly something of
a mystery to unravel, and it is now satisfying that a clear picture has emerged
as to role of all of the various approximations in the theory.

Three sources of error are important in MP2-R12 theory:

1. Errors in the many-electron integrals

2. Approximations to simplify the Hylleraas functional

3. The form of the correlation factor f12 = r12

These will be treated (briefly) in turn.

A. Many-electron integrals

Before 2002 there were two basic strategies for evaluating the many-electron
integrals in explicitly correlated electronic structure theory: you could evaluate
them analytically (possible for atoms, or for molecules if Gaussians are used
[7,8]); or one could use the RI approximation in the AO basis, as proposed
by Kutzelnigg [1] and developed by Klopper and Kutzelnigg [3]. The first is
hideously expensive, and the second has the disadvantage of requiring large AO
basis sets. It also makes it hard to distinguish the RI error from other sources
of error in the theory.

The development of the RI in an auxiliary basis set is distinguished as being
the first, the most important and the most obvious extension of the method
[6]. It allows the RI approximation to be converged to high accuracy with all
other aspects of the theory fixed. Improvements that build on this key step
have included combinations of RI and density fitting methods [9], numerical
quadrature (ie RI in a basis of grid points) [10], and RIs in auxiliary basis sets
augmented by the given AO basis [11]. In any case suffice it to say that (with
the possible exception of calculations involving heavy elements) the RI can be
converged within chemical accuracy routinely for all of the integrals required in
R12 theories.
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B. Other approximations

The approximations in question are the generalized Brillouin condition (GBC,
the assumption that the occupied orbitals exactly satisfy the integro-differential
Fock equations); the extended Brillouin condition (EBC, the assumption that
this holds for the virtuals); and the neglect of commutators of the form [K̂1, r12].
None of these approximations is necessary [12,13], and the EBC and the neglect
of [K̂1, r12] cannot be justified. These approximations in modest basis sets lead
to errors too large to allow convergence to chemical accuracy [14]. The impact
of the GBC, however, is small [14], and although it can now be avoided [12,13],
it is satisfying to note that the original framework of the GBC coupled with RI
approximations holds up even when small AO basis sets are used.

C. Form of the correlation factor

The biggest source of error in MP2-R12 is the use of the linear correlation
factor r12 [14]. Even a single Gaussian function exp(−αr2

12) performs better
for a wide range of exponents α, which is intriguing because a Gaussian does
not describe the cusp in the wavefunction at all — rather it appears that the
important thing is to describe the correlation hole at intermediate distances. A
single Slater function exp(−αr12) seems to be outstanding [15,14,16]. This was
explicitly demonstrated by Valeev who showed that the results obtained using a
single Slater function for the correlation factor were very close to those obtained
by fully optimizing the first order pair function with an expansion in Gaussian
geminals [17].

The fact that the necessary integrals over exp(−αr12) can be evaluated using
standard recurrence relations [15] (as can integrals over any kernel for which
there is a Gaussian transform [18]) means that there is no longer any reason
for programs to use the linear form of R12. Methods that use an alternative
correlation factor are referred to as MP2-F12 [18].

III. EFFICIENCY

Explicitly correlated methods share the poor scaling with respect to basis
set size and molecular size that restrict conventional methods to molecules of
perhaps 10–20 atoms. For larger systems and higher efficiency it has turned
out to be possible to apply two successful approximations — density fitting and
local approximations — to MP2-R12 and -F12 theory. The former addresses the
cost as the basis size per atom increases, reducing the scaling from quartic to
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cubic, while also reducing prefactors dramatically. The latter addresses scaling
with repect to system size, producing, in the limit of large systems, methods
that have low (potentially linear) scaling with respect to system size.

A. Density fitting

Ab initio treatments of electron correlation require the evaluation of electron
repulsion integrals (ERIs)

< pr|r−1
12 |qs >= (pq|rs) =

∫
d~r1

∫
d~r2

ψ∗p(1)ψq(1)ψ∗r (2)ψs(2)

r12
(5)

and the cost of computing them (especially of the transformation from atomic
to molecular orbitals), can rapidly become prohibitive. Several techniques are
available for reducing the cost but density fitting (DF) has perhaps proven the
most popular owing to it conceptual simplicity and to the extremely small and
regular errors that it introduces to energies and other properties.

The idea behind DF is simple: the objects |pq) and |rs) that appear in the
ERI are orbital product densities, and these can be expanded (approximately)
in a basis set:

|pq) ≈ |p̃q) = Dpq
A |A). (6)

The coefficients Dpq
A should be optimized by making the error |pq)− |p̃q) small.

One can then approximate the ERI by

(pq|rs) ≈ (p̃q|r̃s) = Dpq
A JABD

rs
B , (7)

which only involves 2- and 3-index objects on the right hand side, and in which

JAB =

∫
d~r1

∫
d~r2

A(1)B(2)

r12
. (8)

This basic set-up is old: in 1959 Boys and Shavitt used it to avoid the tricky
3-centre Slater integrals in calculations on H3 [19]. It saw considerable early
application in DFT [20] in which context the whole density ρ is expanded in a
basis set, to facilitate the evaluation of the Coulomb contribution to the Fock
matrix. The key to the modern success of DF hangs on the choice of the criterion
(or metric) by which the fitting residual |pq) − |p̃q) is measured. In the earlier
work this was simply taken as the self-overlap of the fitting residual, but in 1973
Whitten introduced the idea of using the Coulomb self-energy of the residual
(pq − p̃q|pq − p̃q) as the fitting criterion. This has a dramatic effect on the
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accuracy of the method: using the simple overlap criterion, errors linear in the
fitting residual enter into the expressions for the fitted integrals. Using the
Coulomb criterion, however, the errors in the integrals are quadratic in the
fitting residual, and the method can deliver very high accuracy using fitting
basis sets only a few times larger than the AO basis. This was later elucidated
by Dunlap, who realized that minimizing the Coulomb norm is equivalent to
least squares fitting the electric fields [21].

When the Coulomb criterion is used, one minimizes

∆pq = (pq − p̃q|pq − p̃q) (9)

to find

Dpq
A = [J−1]ABJpq

B = J̄pq
A (10)

where

JpqA =

∫
d~r1

∫
d~r2

A(1)ψ∗p(2)ψq(2)

r12
. (11)

The error in the fitted integral can be written

(pq|rs) − (p̃q|r̃s) = (pq − p̃q|rs− r̃s) + (p̃q|rs− r̃s) + (pq − p̃q|r̃s) (12)

and the last two terms vanish (they are simply the residuals of the equations
that were solved to obtain the coefficients), leaving

(pq|rs) − (p̃q|r̃s) = (pq − p̃q|rs− r̃s), (13)

which is quadratic in the fitting error. Such fitting expression are called robust
by Dunlap.

The cancellation of the linear terms happens only when the fitting criterion
and the target integral type coincide. If density fitting is to be used for other
types of integrals — such as those that appear in MP2-R12 or -F12 theory, the
linear terms have to be subtracted explicitly. For integrals over some arbitrary
kernel f12 one uses [22,18]

(ip|f12|jq) = J̄AipF
A
jq + FAip J̄

A
jq − J̄AipFAB J̄Bjq , (14)

and for the kinetic energy commutator integrals the expression is only slightly
more complicated:

(ip|[t̂1, f12]|jq) = Ȳ Aip F
A
jq +XA

ipJ̄
A
jq − Ȳ Aip FAB J̄Bjq . (15)
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The various 2- and 3-index integrals required are given by

FAB = (A|f12|B) FAip = (A|f12|ip)
XA
ip = (A|[t̂1, f12]|ip) Y Aip = (A|[t̂1, r−1

12 ]|ip) (16)

and their evaluation is discussed elsewhere for f12 = r12 [22] and for an f12

expanded in Gaussians [18].

To summarize density fitting in MP2-R12 and MP2-F12 theory, we note
that the very substantial gains in efficiency introduces practically no error [22].
Providing robust density fitting formulae are used for all target integral types,
the errors introduced using conventional MP2 density fitting sets are completely
negligible on the scale of chemical accuracy.

Having said that, a small error does creep into the approach when r12 is used
in extended systems. This is merely a symptom of the poor numerics that arise
when r12 becomes large, and disappears when short-range correlation factors
are used. A complete explanation of this problem is given elsewhere [23].

B. Local approximations

The steep scaling of post-Hartree-Fock electron correlation methods with
system size is now well known to be unphysical. In insulators the correlation
phenomenon is dominated in the long range by dispersion, which decays as
R−6 where R is the distance between two fragments of matter. Indeed, the
high scaling of the correlation methods arises simply from the non-local nature
of the canonical Hartree-Fock (HF) orbitals. Since the occupied orbitals can
be rotated amongst themselves without changing the HF wavefunction, it is
perfectly possible to choose a rotation that maximizes the locality of the orbitals.
There are various criteria to define what is meant by ‘locality’ [24,25].

Once one has a basis of local orbitals (LMOs), it becomes possible to think in
terms of the distance between orbital pairs, and thus to decide the level of theory
at which to treat each pair based on their spatial separation. By introducing
localized sets of virtual orbitals (typically projected atomic orbitals — PAOs),
it becomes possible to restrict excitations from a given local orbital to virtual
orbitals that are nearby. These ideas were developed by Pulay and Saebø [26–30]
and realized as low-scaling implementations of MP2 and coupled cluster theory
by Werner and Schütz [31–39].

In local MP2 (LMP2) theory the usual expansion of the first order wavefunc-
tion

|1 >= T ijab|Ψab
ij > (17)
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is replaced by a similar expression with the summation ranges restricted

|1 >=
∑

i,j∈P

∑

a,b∈[ij]

T ijab|Ψab
ij > . (18)

Here P is the pair list, which contains those pairs of LMOs that lie close to each
other (according to some criterion that can be varied). The orbital excitation
domains [ij] are sets of PAOs that lie sufficiently close to either of the LMOs i
or j. The number of terms in the expansion in Eq. (17) grows like O(N4) as
the system increases, whereas that in Eq. (18) grows linearly with system size.

In local MP2-F12 theory [23,40] the idea is to perform conventional MP2
for all (or most) pairs, and only to compute the F12 correction for strongly
correlated pairs of electrons. This results in a method vastly more efficient than
the conventional MP2-F12 theory.

In the work that has been done so far, the explicitly correlated ansatz has
been restricted to MP2-F12/2*A′. This assumes the EBC which allows the
computational convenience of completely decoupling the F12 correction from
the conventional MP2 part. As noted above, though, the EBC does introduce
significant errors, and an important goal for future development in a local MP2-
F12 theory with fewer approximations.

In conventional MP2-F12/2*A′ the F12 part of the pair function has the form

|uij >= Q̂12f12

∑

kl

tijkl|kl > . (19)

In the local variant (snappily called MP2-F12/2*A(loc)) the F12 part takes the
form

|uij >= Q̂12f12

∑

kl∈{ij,ji}
tijkl|kl > . (20)

As noted previously, restricting the summation to kl ∈ {ij, ji} breaks orbital
invariance, but since local methods are inherently non-orbital-invariant this
probably does not cause significant problems. Tests indicate that the errors
introduced by this approximation are minor. In any case in the long term it
would probably be better to increase the range of the summation over kl to
include all pairs spatially close to ij.

Having made the ansatz above it becomes possible to localize other aspects of
the theory. The RI can be restricted to include only functions in the spatially
relevant region. In principle the projection operator itself can be localized. If
density fitting is combined with local approximations (a good idea as this boosts
efficiency enormously [23,40]) it is possible to localize the DF expansion as well.
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The resulting method, now lumbered with the name DF-MP2-F12/2*A(loc),
is exciting. The accuracy in a given basis in the series aug-cc-pVnZ surpasses
that of conventional MP2/aug-cc-pV(n + 2)Z, and the whole calculation
(including HF) is cheaper than HF+MP2/aug-cc-pV(n + 1)Z. The efficiency
is sufficient to make explicitly correlated calculations in aug-cc-pVTZ basis sets
on enzyme active sites accessible. These are essentially at the basis set limit, and
have been performed as part of a wider effort to perform chemically converged
QM/MM calculations on enzymatic catalysis [41].

Further improvements in efficiency and accuracy are possible. Ours plans
to achieve the former concentrate on improving the integrals technology to
a level more comparable with state of the art Coulomb integral programs.
For the latter we intend to implement the more accurate ansatz F12/2B; to
include summations over locally determined domains of kl; and to implement
the important developments in the RI expansion described by Valeev [11].

IV. CONCLUSIONS

This paper has described some recent developments in terms of accuracy
and efficiency in explicitly correlated electronic structure theory. Regarding
accuracy, the big surprise in the field has been that it is the choice of r12 in
MP2-R12 theory, and not the use of the RI, that leads to the poor performance
in smaller basis sets. Regarding efficiency, it has been possible to apply the
highly successful combination of density fitting and local approximations with
MP2-F12 theory. This leads to methods that can be used to obtain essentially
converged MP2 correlation energies for large molecules (say 50 atoms) in a fairly
routine manner.
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[35] M. Schütz and H.-J. Werner, Chem. Phys. Lett. 318, 370 (2000).
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I. INTRODUCTION

Explicitly correlated R12 coupled cluster theory (CC-R12) [1] has proven
to be an efficient tool to achieve the basis set limit accuracy in calculations
energies and properties of small molecules [2]. This theory resulted from a
combination of the traditional coupled cluster ansatz by Č́ıžek [4] and R12 ansatz
by Kutzelnigg [5]. Current implementations are using the so called ”standard
approximation” (SA) to avoid computations of three and four-particle integrals
[6]. This approximation assumes the finite spin orbital space being closed under
the Fock operator, which means that not only the generalized Brillouin condition
(GBC) but also the extended Brillouin condition (EBC) (vide infra) are valid. At
the same time SA assumes that the resolution of identity can be well represented
within the given computational basis set. The SA constraints imply that the
basis has to be saturated at least at the level of 3Locc, where Locc is the highest
angular momentum involved in the occupied spin orbitals. Very strictly, even
stronger condition may be required for CCSD-R12, ensuring that in addition
the computational basis is saturated for each involved angular momentum [1].

Alternatively, one can use an auxiliary basis set for the resolution of
identity with the aim to suppress the strong basis set requirement. This
has been implemented recently within the MP2-R12 theory using diverse
variants [7–9]. Nevertheless, the resulting formulas still contained integrals
over the commutator of the kinetic operator with inter-electronic distance,
whose computation represent the most demanding part of the whole MP2-R12
calculation. In our recent paper [10], we have suggested a formulation that is
free from the pertinent integrals. At the same time we have reported results for a
new variant (MP12-R12/C) that still used the standard approximation. Below,
we shall briefly outline how the CC-R12 theory will change if the assumptions
of the SA are abandoned. Preliminary results are reported for MP2-R12.
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II. OUTLINE OF THE CC-R12 THEORY

In the following we will denote occupied orbitals as i, j, . . . , o; virtual spin
orbitals within the computational basis as a, b, c; arbitrary spin orbitals within
the computational basis as p, q, r, s. Greek letters κ, λ, µ, ν denote any
spin orbitals within the complete basis, and α, β, γ, the spin orbitals from the
complete basis that are outside the final computational one. The basis set is
assumed to be orthonormal. We will use a tensor notation for the integrals over
any n-body operator ôn,

oλ1...λn
κ1...κn = 〈κ1 . . . κn|ôn|λ1 . . . λn〉, (1)

as well as for integral products. Einstein summation convention is considered
throughout, i. e. summations run over all indices that do not appear on both
sides of the equations.

In general, the coupled cluster theory is based on the exponential ansatz for
the wave function,

|Ψ〉 = eŜ |Φ〉, (2)

where |Φ〉 is a known reference function, if we restrict ourselves to a single-
reference theory. In traditional theories, the operator Ŝ is identified by the
electronic excitations from the occupied orbitals constituting the |Φ〉, to certain
(available) unoccupied orbitals, usually produced as a byproduct of the solution
for |Φ〉. Using the second quantization and normal ordering with respect to Φ
the Hamiltonian is expressed as

ĤN = Ĥ − 〈Φ|Ĥ |Φ〉 = F̂N + ŴN , (3)

F̂N = fλκ ã
κ
λ =

(
hλκ + ḡλiκi

)
ãκλ , (4)

ŴN = 1
4 ḡ
µν
κλã

κλ
µν , (5)

where F̂N is the fock operator defined by the matrix elements f and replacement
operators ã. WN similarly defines the two-electron part (g=r−1

12 ). The

conventional global excitation operator (Ŝ = T̂ ) is given as [4]:

T̂ =
∑

n

T̂n ; T̂n =
1

n!

∑

i1,...in
a1...an

ti1,...ina1...an ã
a1...an
i1,...in

, (6)

where ãa1...an
i1,...in

is a particular n-body excitation operator and t is the associated
scalar amplitude.

In the explicitly correlated coupled cluster theory, the operator Ŝ constitutes
from the conventional part T̂ and a special operator R̂ that somehow introduces
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the inter-electronic coordinate (r12) into the final wave-function. Having
Ŝ=T̂+R̂, after multiplying the Schrödinger equation from the left by exp(−Ŝ)
one arrives at:

e−T̂ e−R̂HNe
−R̂eT̂ |Φ〉 = e−T̂Htranscor

N eT̂ |Φ〉 = E|Φ〉. (7)

In the last equation the similarity transformed Hamiltonian

Htranscor
N = e−R̂HNe

−R̂ (8)

resembles the idea of the transcorrelated Hamiltonian by Boys and Handy [3],
though, they used a different operator as in the forthcoming.

As mentioned, the CC-R12 theory is related to the idea of Kutzelnigg [5] who
showed that the electron-electron cusp is properly described if the wave function
explicitly contains r12Φ. Having the global operator of inter-electronic distances
r̂=
∑

p>q rpq in normal ordered form

r̂N = 1
4 r̄
κλ
µν ã

µν
κλ + r̄κiµi ã

µ
κ (9)

one gets

r̂N |Φ〉 =
(

1
4 r̄
ij
abã

ab
ij + 1

4 r̄
ij
αβ ã

αβ
ij + 1

2 r̄
ij
aβ ã

aβ
ij + r̄ijaj ã

a
i + r̄ijαj ã

α
i

)
|Φ〉 . (10)

A pseudo one-particle part is now clearly recognized. If parts that overlap
with the traditional expansion of the wave function are outprojected one can
introduce the operator R as:

R̂ = R̂1 + R̂2 = cikR̃ki + 1
4c
ij
klR̃klij (11)

with

R̃ki = ãki r̄
kj
αj ã

α
k ; R̃klij = ãklij

(
1
2 r̄
kl
αβ ã

αβ
kl + r̄klaβ ã

aβ
kl

)
. (12)

A. The standard approximation

Within the standard approximation one assumes that the basis set is saturated
such that matrix elements of r̂ vanish as soon as just a single index belongs to
the complementary basis (α). Equivalently, this means that the resolution of
identity (RI) (1 = |κ〉〈κ|) is describable in the given computational basis.

|κ〉〈κ| ≈ |p〉〈p| (13)
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Consequently, R̂ is reduced to:

R̂ s.a.
= 1

4c
ij
klR̃klij ; R̃klij

s.a.
= 1

2 r̄
kl
αβ ã

αβ
kl (14)

Assuming the validity of GBC (fαi = 0) and even EBC (fαp = 0) is then natural
and automatic. Finally, these approximations permit straightforward evaluation
of matrix elements resulting in the CC-R12 theory [1]. As aforementioned, the
price to pay is compulsory using of fairly extended basis sets.

B. Beyond the standard approximation

Let us exclude the exact treatment with three- and four-body integrals from
our consideration. Then, the logical first step beyond the SA is using of an
auxiliary basis (p′) for the RI

|κ〉〈κ| ≈ |p′〉〈p′| (15)

This has been initially implemented at the MP2-R12 level [7–9], however, the
ansatz for the R still remained R = R2. Also, GBC and EBC, may not be
required in that case. Nevertheless, results with smaller computational bases
are not convincing.

Here, one has to note that as soon as GBC is not valid, the full ansatz of
Eq. (11) should be used. In fact, inclusion of the ”r12-single-excitations is not
a difficult task since one can easily transform the Hamiltonian as

HR121 = e−R1HNe
R1 (16)

and use the usual CCSD-R12 code with matrix elements of HR121 instead of
HN . Concerning the coding, much more demanding is to evaluate the necessary
matrix elements involving the full R2 using the auxiliary basis. In the next
section, we show some preliminary results calculated at the MP2-R12 level, as
the initial approximation to CCSD-R12. Matrix elements including the R2 were
calculated as given in Ref. [10]. Now the energy reads:

E(2) = 〈Φ|ĤN T̂ |Φ〉+ 〈Φ|WN R̂2|Φ〉+ 〈Φ|F̂NR1|Φ〉 = E(2)
conv +E

(2)
R12 (17)

E
(2)
R121 = fαk r̄

ij
αjc

k
i ≈ fp

′′

k r̄ijp′′jc
k
i ; p′′ = p′ − p (18)

Pertinent c amplitudes are obtained by solving set of equations:

〈Φ|R̃ikF̂N (1 +R1)|Φ〉(1) = 0, (19)

superscript ”(1)” meaning that only first order terms are to be considered. Using
the auxiliary basis gives rise to:

−r̄p
′′j
ij f q

′′

p′′ r̄
mn
q′′nc

k
m + r̄p

′′j
ij rmnp′′nc

o
mf

k
o + r̄p

′′j
ij fkp′′ = 0 (20)
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III. MP2-R12 RESULTS

TABLE 1: MP2-R12 energies and their components for CO and H2O molecules.

Basis SCF+E(2)/Eh E
(2)
conv/Eh E

(2)
R12/Eh E

(2)

R121 /Eh

CO

A-f -113.308709 -0.489927 -0.028195 -0.000183
A-g -113.310023 -0.501680 -0.017553 -0.000012
A-h -113.310532 -0.505460 -0.014265 0.000000

cc-pVDZ -113.193689 -0.290932 -0.153529 -0.010092
cc-pVTZ -113.260317 -0.379942 -0.100101 -0.002177
cc-pVQZ -113.291441 -0.437195 -0.065478 -0.000272
cc-pV5Z -113.302523 -0.460168 -0.051822 -0.000070

H2O

A-fp -76.427744 -0.337640 -0.023089 -0.000309
A-fd -76.428463 -0.340967 -0.020164 -0.000064
A-gd -76.429234 -0.348649 -0.013199 -0.000026
A-gf -76.429293 -0.349343 -0.012550 -0.000014
A-hd -76.429445 -0.351512 -0.010519 -0.000004
A-hf -76.429492 -0.351827 -0.010245 0.000000

cc-pVDZ -76.327201 -0.203984 -0.096413 -0.004495
cc-pVTZ -76.389706 -0.275096 -0.057452 -0.001122
cc-pVQZ -76.414002 -0.313305 -0.035875 -0.000369
cc-pV5Z -76.423124 -0.328787 -0.027261 -0.000060
cc-pV6Z -76.426670 -0.337932 -0.021346 -0.000015

In Table 1 we show the convergence towards the basis set limit energy for two
hierarchies of basis sets. First, results with R12 optimized 19s14p8d6f4g3h for
non-hydrogen [11] and 9s6p4d3f for hydrogen [12] and their subsets are reported
(A). The highest included angular momenta are indicated in the first column.
The largest sets with all angular momenta included were always used as the
auxiliary bases. Needless to say that in this case the basis set is close to the HF
limit for atoms and contributions from the r12-single-excitations are very small.
In the second part, we have used the cc-pVXZ hierarchy for computational basis,
while the auxiliary basis remained almost as before. Since in our formulation
the auxiliary basis must contain the computational one, we have always used the
unification of both from which the linear dependencies have been removed. With
this hierarchy, the r12-single-excitations contribution is by far not negligible.
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[10] Kedžuch, S.; Milko, M.; Noga, J. Int J Quantum Chem, 2005, 105, 929.
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The (explicitly correlated) r12-MR-ACPF (multi-reference aver-
aged coupled-pair functional) method, and the novel more stable
variant ACPF-2, are capable of closely reaching the full-CI and the
basis set limits at the same time. These methods can be applied to
entirely general chemical systems and they are available in the free
Amica (Atoms & Molecules In Chemical Accuracy) software which
has recently been interfaced to Ecce (Extensible Computational
Chemistry Environment). In a series of pioneering applications to
difficult problems, i.e. the dissociation of N2, the total energies of
first-row atoms and positive and negative atomic ions, the molecular
constants of He2, the treatment of Be2, the dispersion interaction
in Ne2, the excited valence states of CH2, and the potential energy
surface of the elementary reaction F + H2 along the internal reaction
coordinate, r12-MR-ACPF gives accuracies that are either close to
those of (sometimes highly specialized) very high-level methods or
better. Possible future enhancements of the present method are
briefly discussed.

I. INTRODUCTION

We wish to solve the electronic Schrödinger equation,

Ĥ(r; R) Ψ(r; R) = E(R) Ψ(r; R) (1)

†On leave from: Institute for Physical and Theoretical Chemistry, Technical
University Braunschweig, Hans-Sommer-Str. 10, D-38106 Braunschweig, Germany
and Henry-Eyring-Center for Theoretical Chemistry, University of Utah, 315 S. 1400
E. Rm. 2020, Salt Lake City, UT 84112, U.S.A.
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for low-lying valence states. Ĥ is the spin-free, non-relativistic clamped-nuclei
Hamiltonian and r and R are the (spatial) coordinates of the electrons and the
nuclei, respectively. The wavefunction Ψ is constrained to be anti-symmetric
with respect to the exchange of two electrons,

Ψ(. . . , ri, . . . , rj , . . .) = −Ψ(. . . , rj , . . . , ri, . . .) (2)

The energy eigenvalue, E, only depends on the coordinates of the nuclei and,
for a polyatomic system, gives rise to a potential energy surface (PES).

In molecular orbital theory, the wavefunction is expanded into Slater deter-
minants, Φi,

Ψ ≈ Ψ̃ :=
∑

k

ckΦk (3)

which are given as anti-symmetrized products of spin orbitals, ϕi,

Φk(r, σ) := ÂN
N∏

i=1

ϕik (ri) ≡ ÂN ϕ1k(r1) · · ·ϕNk (rN ) (4)

where ÂN is the N electron antisymmetrizer, which enforces Eqn. (2). The
(spin) orbitals are expanded into n nuclei-centered basis functions, χµ,

ϕi = σi

n∑

µ=1

cµiχµ (5)

with the spin functions

σi ∈ {α, β} (6)

In praxi the basis functions, χµ, have to be taken from a finite (and
therefore incomplete) n-dimensional subset of the one-electron Hilbert space.
Additionally, the (full) configuration interaction (CI) expansion, Eqn. (3),
consists of as many as

(
2n
N

)
individual terms and, with a meaningful basis set,

the former expansion needs to be truncated for chemical systems that have more
than, say, four electrons. Upon truncation, the CI, Eqn. (3), c.f. Sect. II, and
the basis set expansions, Eqn. (5), c.f. Sect. III, both converge rather slowly to
the respective limit.

II. THE MULTI-REFERENCE AVERAGED COUPLED-PAIR
FUNCTIONAL (MR-ACPF)

In so-called single-reference cases, where the wavefunction, Ψ, is dominated
by a single term, Ψ0, which usually is of Hartree-Fock type, the coupled-cluster
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(CC) method, where the wavefunction is expanded into an exponential,

Ψ̃ = exp
(∑

i,a t
a
i â
a
i +

∑
a<b
i<j

tabij â
ab
ij + . . .

)
Ψ0 ≡ exp(T̂ ) Ψ0 (7)

with

T̂ :=

N∑

i=1

T̂i (8)

provide a rather fast converging truncation of the full-CI expansion, Eqn. (3).
The âab...ij... are excitation operators that substitute the spin-orbitals i, j, . . . in Ψ0

by virtual orbitals a, b, . . . and the tab...ij... are the corresponding so-called cluster
amplitudes. When the CC method is applicable, the computed energy converges
that fast with respect to a truncation of the cluster expansion at a given level
i [c.f. Eqn. (8)] that usually a truncation to the level of singles, doubles, and
triples (CCSDT) or even singles and doubles (CCSD) is sufficiently accurate.
In contrast to the truncation of the CI expansion, Eqn. (3), the coupled cluster
expansion, Eqn. (7), is size extensive with respect to the truncation of T̂ at any
cluster level. We recall that size extensivity means that upon extension of a
chemical system with non-interacting sub-systems, the computed energy grows
linearly with the size of the system,

E(AB . . .) = E(A) +E(B) + . . . (9)

Unfortunately, CC theory turns out to be difficult to extend to the (more gen-
eral) so-called multi-reference (MR) case where the wavefunction is dominated
by a sum of a few Slater determinants,

Ψ ≈ Ψ0 =
∑

i

ciΦi (10)

the so-called references which all have non-negligible weights. MR ansätze are
mandatory for the treatment of, e.g., covalent bonds that are elongated from
their equilibrium value and finally broken, of excited states with the same spin
and spatial symmetry as a lower lying state, and, in general, of all cases of near
degeneracies. To the best knowledge of the author, no rigorous coupled cluster
theory that allows for large-scale calculations of general chemical systems exists.

When the full-CI expansion, Eqn. (3), is truncated to the singles and doubles
level, however, it is possible to obtain an approximately size-extensive theory by
applying an ad hoc modification to the energy functional. To this end we write

E = E0 +Ec, E0 := 〈Ψ0|Ĥ |Ψ0〉 (11)
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and intermediately normalize the wavefunction,

Ψ̃ = Ψ0 + Ψc, 〈Ψ0|Ψc〉 = 0, 〈Ψ0|Ψ0〉 = 1 (12)

With the zeroth-order wavefunction optimized, e.g. on the multi-configurational
self-consistent field (MCSCF) level, and then fixed, the correlation energy takes
the form

Ec[Ψc] :=
〈Ψ0 + Ψc|Ĥ −E0|Ψ0 + Ψc〉

1 + g〈Ψc|Ψc〉
(13)

with g = 1. Stationarization of the energy,

δ1Ec[Ψc]
!

= 0 (14)

leads to the condition

Q̂(Ĥ −E0 − gEc)|Ψ0 + Ψc〉 !
= 0, Q̂ := 1− |Ψ0〉〈Ψ0| (15)

A better choice for g can be found from the condition that, when the chemical
system of interest is appended by identical, non-interacting sub-systems, the
shift gEc has to stay constant, i.e. g has to be inversely proportional to the size
of the system. Additionally, for a 2-electron system, g should be equal to one
since then CI(SD) is exact (within the given basis set). Thus we are led to

g =
2

N
(16)

Eqn. (13) and (16) then define the averaged coupled-pair functional (ACPF) [1].
In praxi it turns out that the ACPF tends to overestimate the electron

correlation effect and it may even become instable. This is, to a large extend, due
to an incorrect handling of the singles. In coupled-cluster theory, the correlation
energy is given by

ECC
c = 〈Ψ0|(Ĥ −E0)(T̂1 + 1

2 T̂
2
1 + T̂2)|Ψ0〉 (17)

In the ACPF, however, the term 1
2 T̂

2
1 is (incorrectly) absorbed into the doubles,

T̂2,

EACPF
c = 〈Ψ0|(Ĥ −E0)(T̂1 + T̂2)|Ψ0〉 (18)

When the amplitudes of the singles are rather small—as is the case when Ψ0 is
a good zeroth-order wavefunction—the effect is small. When the singles are
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important because of deficiencies of Ψ0, however, then ACPF may become
instable. A simple remedy is to dampen the singles contribution by the choice

g′ :=
4

N

[
1− 1

2(N − 1)

]
(19)

For N → ∞, g′ approaches 4/N = 2g and in the low-N limit, i.e. for N = 2,
we have g′ = 1, as in ACPF [and CI(SD)]. This modified version was recently
proposed as ACPF-2 [2] and, in difficult cases as e.g. FeO [3], it proved to be
considerably more stable than (the original) ACPF. When Ψ0 is well-defined,
however, ACPF and ACPF-2 give nearly identical results.

III. EXPLICITLY CORRELATED MULTI-REFERENCE METHODS

Since the wavefunction is symmetric with respect to the exchange of two
electrons of opposite spins (singlet pair), the exact solution of the Schrödinger
Eqn. (1) is linear in the interelectronic distance, r12,

lim
r12→0

(
∂Ψ

∂r12

)

av

= 1
2Ψ

∣∣∣∣
r12=0

(20)

(”av” stands for the spherical average) [4], which gives rise to a cusp where two
singlet electrons come close to each other. Since

r12 := |r1 − r2| =
√

(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2 (21)

cannot (in a closed form) be written as a product f(r1)g(r2), it is not surprizing
that the CI expansion, Eqn. (3), which consists of anti-symmetrized products of
one-electron functions, Eqn. (4), has difficulties to reproduce the cusp regions.

Eqn. (20) is obviously fulfilled when terms of the form

Φ̃ij,k := ÂN rij ϕ1k(r1) · · ·ϕik (ri) · · ·ϕjk (rj) · · ·ϕNk(rN ) (22)

are added to the CI expansion. It is sufficient to construct these linear r12-terms
from the most important orbitals only. In general these are the internal orbitals
that are required for a correct zeroth-order description of the wavefunction. In
the spirit of the r12-method of Kutzelnigg and Klopper [5,6] we remove those
contributions from the r12-terms that are already included in the CI expansion
by constructing a projector Q̂′,

Q̂′ := 1−
∑

k

|Φk〉〈Φk| (23)
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where the sum runs over all determinants of the full-CI expansion. Application
of Q̂′ to the linear r12-terms, Eqn. (22), leads to [7]

Q̂′ Φ̃ij,r ≈ ˜̃Φij,r :=

(∑

κ<λ

r̄ijκλâ
κλ
ij −

∑

p<q

r̄ijpq â
pq
ij

)
Φr (24)

with p, q and κ, λ being indices of orbitals taken from the given and a
(hypothetical) complete orthonormal basis set, respectively, and

r̄ijκλ :=

∫ ∫ [
ϕ∗i (r1)ϕ∗j (r2)− ϕ∗i (r2)ϕ∗j (r1)

]
r12 ϕκ(r1)ϕλ(r2) dr1 dr2 (25)

The terms that are neglected in Eqn.(24) lead to singly substituted determinants
and all matrix elements over these latter terms vanish within the so-called
standard approximation. This approximation requires that the given basis set
is “saturated” up to 3 Lmax, where Lmax is the highest angular momentum
number that occurs in the given system within the separated atoms limit. E.g.
for a system consisting of first-row atoms, the basis set has to be saturated
up to L = 3 since we have p-orbitals (L = 1) at most. For the treatment of
molecules, it is important that the wavefunction is invariant with respect to
a unitary transformation of (equivalent) internal orbitals and to this end we
include off-diagonal terms as well [8],

˜̃Φklij,r :=

(∑

κ<λ

r̄klκλâ
κλ
ij −

∑

p<q

r̄klpq â
pq
ij

)
Φr (26)

By applying the standard approximation, by analytical summations of infinite
series, by algebraic reformulations, and by neglecting contributions that vanish
fast enough with increasing L it is possible to derive expressions of the matrix
elements of a r12-MR-CI (and thus also of r12-MR-ACPF) that can be evaluated
using one- and two-electron integrals only. The derivations of these expressions
are straightforward, although rather laborious, and for the explicit formulas we
refer the reader to the literature [7,9].

IV. APPLICATIONS

The methods described in this paper can be applied to entirely general
chemical systems and they are available in the Amica [10] (Atoms & Molecules
In Chemical Accuracy) program package, which is based on the Columbus suite
of MR-CI programs [11]. Very recently, Amica has been implemented [12] into
the Extensible Computational Chemistry Environment (Ecce) of PNNL [13]

87



which allows for building a chemical system, preparing the input, submitting
and monitoring the job, and finally viewing and archiving the results.

In a first series called “Accurately solving the Schrödinger equation of atoms
and molecules using explicitly correlated (r12-)MR-CI,” the r12-MR-ACPF
method has been applied to the dissociation of N2 (Part I) [14], to first-row atoms
and positive ions (Part II) [15], to negative first-row atomic ions (Part III), [16],
to He2 (Parts IV and VI) [17], to Be2 (Part V) [18], to HF (Part VII) [19] and
finally to the valence excited states of methylene (CH2, Part VIII) [20]. The r12-
MR-ACPF method has been used to obtain an accurate Ne2 interaction potential
[21], which has been applied to simmulations of the liquid and gaseaous phase
of neon [22]. Very recently, the PES of the important elementary reaction F +
H2 → HF + H has been computed along the internal reaction coordinate [23].

V. POSSIBLE IMPROVEMENTS

The present methods, r12-MR-ACPF and -ACPF-2, give rise to accuracies
that are either close to those of (sometimes highly specialized) very high-level
methods or better. Still, especially in the light of recent progress of approximate
MR-CC theories and the r12-method, there is space for improvement.

The MR-CEPA1 (coupled electron-pair approximation) method as well as
an averaged version called MR-ACEPA, that have very recently been proposed
by Ruttink and co-workers [24] give rise to energies that, in general, are close
to MR-ACPF. In size extensivity tests that involved open shell molecules, the
errors of the new methods, however, were found to be considerably smaller than
the ones of MR-ACPF.

When the basis set is appended by individual functions at a time, energies that
have been computed with the original formulation of the r12-method, in general,
do not converge smoothly to the limit (although L convergence is smooth with
basis sets that are sufficiently close to saturation for each l-value). This behavior
can be quite disturbing and it can be traced to errors of the resolution of the
identity (RI). Indeed, in the original formulation of the r12-method [6], as well as
in the present formulation on the MR level [7] the basis set that is used to expand
the wavefunction is also taken for the RI approximation. Recent investigations,
however, indicate that it can be beneficial to use a different, so-called auxiliary
basis set for the RI approximation. This also allows to expand the wavefunction
in medium sized or, if desired, even in small basis sets. Recent developments
are: i) the usage of an auxiliary basis set for the resolution of the identity in the
one-electron space [25]; ii) density fitting of two-electron integrals [26]; and iii)
the substitution of r12 by terms that more accurately reproduce the shape of the
interelectronic cusp at intermediate distances, e.g. by exponentials or Gaussians
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(or linear combinations thereof) that depend on r12 and that are optionally
multiplied by r12 [27]. The usage of auxiliary basis sets and correlation factors
that more closely resemble the shape of the interelectronic cusp may also reduce
or even remove disturbing instabilities due to inaccuracies of the matrix elements
that now require special actions (c.f. [28,9]).

Work to improve these two shortcomings of the present method is underway.
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I. INTRODUCTION

The slow convergence of orbital based expansions in the dynamic correlation
aspect is the direct consequence of the inability to describe the cusp behavior
[1–3] at coalescence with one-electronic basis functions. Various alternative
methods have been proposed since the early success of the exploration of
Hylleraas on the ground state of the helium atom [4]. The explicitly correlated
methods turned out to be effective, yet they are handicapped by the introduction
of many-electron integrals. The R12 methods [5,6] have transcended the
limitation to tiny molecules by the systematic use of the resolution of identity
(RI) to sidestep the explicit treatment of many-electron integrals. In this paper,
recent advances in the field are described shortly mainly focusing on individual
strategies by the present author.

II. THE HYLLERAAS ENERGY FUNCTIONAL AND ITS
ROBUSTNESS

Henceforward, we use the following notations;

i, j, . . . occupied orbitals in the reference space.
a, b, . . . virtual orbitals in the given basis set.
p, q, . . . general orbitals in the given basis set.
α, β, . . . virtual orbitals in the complete basis set.
p′, q′, . . . general orbitals in the auxiliary basis set assumed to be complete.

In the complete basis set limit, pair functions can be formally expressed as

u
(s)
ij = cαβij (s){αβ}(s) , (1)
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where we used the Einstein summation convention, the curly bracket denotes
spin-adapted pair functions, and s takes 0 and 1 for singlet and triplet,

respectively. In the standard ab initio methods, u
(s)
ij are approximated with

a finite basis set,

ũ
(s)
ij = c̃abij (s){ab}(s) . (2)

The second order energy

Ẽ2 = (1 + 2s)f̃
(s)
ij (3)

is obtained by minimizing the Hylleraas energy functional

f̃
(s)
ij (ũ

(s)
ij ) = 〈ũ(s)

ij |F̂1 + F̂2− εi− εj |ũ(s)
ij 〉+ 2〈ũ(s)

ij |r−1
12 |{ij}(s)〉 ≥ f̃

(s)
ij (u

(s)
ij ) , (4)

which gives an upper bound of the correlation energy of the exact pair functions

u
(s)
ij . The differentiations with respect to the coefficients give the relation for

the true pair functions,

〈{αβ}(s)|(F̂1 + F̂2 − εi − εj)|u(s)
ij 〉+ 〈{αβ}(s)|r−1

12 |{ij}(s)〉 = 0 . (5)

Thus the substitution of

ũ
(s)
ij = u

(s)
ij + ∆

(s)
ij (6)

shows that the energy functional is robust to involve only quadratic errors,

f
(s)
ij (ũ

(s)
ij ) = f

(s)
ij (u

(s)
ij ) + 〈∆(s)

ij |(F̂1 + F̂2 − εi − εj)|∆(s)
ij .〉 (7)

This means that the Hylleraas energy functional is not sensitive to a fine
optimization of pair functions.

III. PAIR FUNCTIONS IN EXPLICILTY CORRELATED
ELECTRONIC STRUCTURE THEORY

The cusp conditions [1–3] indicates that the exact pair functions behave as

u
(s)
ij = Q12[

r12

2(1 + s)
+ O(r2

12)]{ij}(s) , (8)

where Q12 is the strong orthogonality projector,

Q12 = (1− P1)(1− P2) , (9)

92



and Pn denotes the projection operator on the occupied space,

Pn = |φi(n)〉〈φi(n)| . (10)

The slow convergence of pair functions is originating from the cusps at
coalescence. It is also noted that the cusp conditions are dependent on the
spin indices of pair functions.
The explicitly correlated methods have mitigated this situation incorporating a
correlation factor f12 dependent on inter-electronic distance directly as

ũ
(s)
ij = c̃

′ab
ij (s){ab}(s) +Q12c̃

kl
ij (s)f12{kl}(s) . (11)

In earlier methods with Gaussian-type geminals (GTGs), only the diagonal
elements c̃ijij are dealt with as variational parameters. The method however leads
to a trivial result for a super-molecule separated largely with an undamped cor-
relation factor like the linear r12 function along with canonical orbitals. Klopper
introduced the off-diagonal amplitudes in the unitary invariant formulation to
remedy the problem [7]. Nevertheless, a clear indication is that the long-range
component in the correlation factor is unphysical.

Because of the robustness of the Hylleraas energy functional, a possible
compromise is to abandon all numerical parameters concerning the correlation
factor but to employ the cusp conditions directly with a short-range factor

f
(short)
12 [8,9] as

ũ
(s)
ij = c̃

′′ab
ij (s){ab}(s) +Q12

1

1 + s
f

(short)
12 {ij}(s) , (12)

where the correlation factor is parameterized with respect to the s-wave cusp
condition for singlet pairs [1–3],

f
(short)
12 =

1

2
r12 +O(r2

12) . (13)

The expression is still dependent on the spin index s, which can be removed by
introducing the permutation operator to the spatial coordinates,

p12{pq}(s) = (−)(s){pq}(s) . (14)

The desired form [10] is

ũ
(s)
ij = c̃

′′ab
ij (s){ab}(s) +Q12f̃

(short)
12 {ij}(s) , (15)

and ”the rational generator” f̃
(short)
12 from the short-range factor is given by

f̃
(short)
12 =

1

4
(3 + p12)f

(short)
12 . (16)

The rational generator automatically imposes different correlation behaviors for
different spins. Thus it is useful when figuring out the spin states embedded in
a reference wave function is difficult, for instance in open shell situations.
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IV. MANY ELECTRON INTEGRALS AND SLATER-TYPE
CORRELATION FACTOR

Explicitly correlated methods introduce many-electron integrals as

〈ij|r−1
12 P2f12|kl〉 =

∑

m

〈ijm|r−1
12 f13|kml〉 . (17)

It was shown that all Schrödinger integrals which can arise in the use of
correlated Gaussian functions can be calculated explicitly. The applicability
is however limited to small molecules because of the many-electron integrals.
Kutzelnigg and Klopper [6] introduced the innovative use of RI which breaks up
many-electron integrals into sums of two-electron integrals,

〈ij|r−1
12 P2f12|kl〉 =

∑

p′m

〈ij|r−1
12 |p′m〉〈p′m|f12|kl〉 . (18)

Although the original RI assumed the orbital basis set to be complete, the
recent methods use an auxiliary basis set (ABS) [11] and their hybrid [12].
Consequently, the R12-type methods require only two-electron integrals over the
operators like f12, f12r

−1
12 , [t1 + t2, f12], f2

12, and 1
2 [[t1 + t2, f12], f12]. The hybrid

method requires two-electron integrals involving at most one index belonging
to ABS. Thus the cost of the integrals scales as N 3N ′ for the numbers of basis
set and ABS, N and N ′, respectively. The density fitting technique further
improves the efficiency [13] and accuracy [9] of RI.

An attractive alternative to RI is simply to replace the sum over ABS by a
numerical integration [10],

〈ij|r−1
12 P2f12|kl〉 =

∑

mg

w(rg)φi(rg)φk(rg)〈j|r−1
1g |m〉〈m|f1g |l〉 , (19)

where w(rg) is the weights at the quadrature point rg . This expansion involves
at most three-index objects, and the scaling for the necessary integrals is reduced
to N2G for the number of grid points G. The same idea was proposed by Boys
and Handy long time ago within the framework of the transcorrelated methods
[14]. It is noted that the fuzzy cell of Becke [15] makes the present scheme
practical for molecules.

In either case of quadrature and RI, not many f12 lead to useful forms of the
required two-electron integrals. However, any target function can be examined
in explicitly correlated calculations by a fit with frozen GTG as first implemented
by Persson and Taylor [16],

f
(GTG)
12 = cG exp (−ζGr2

12) . (20)

94



The linear r12 function is another popular form of correlation factor employed
in the R12 methods extensively [5,6],

f
(R12)
12 =

1

2
r12 . (21)

Recently, we proposed the use of the Slater-type (exponential) correlation factor
[17] in the form,

f
(STG)
12 = −rc

2
exp (−r12

rc
) , (22)

where rc is a scale length parameter. Based on GTG fits, other authors have

shown that f
(STG)
12 outperforms other correlation factors [18,19]. The most

important feature of f
(STG)
12 is that all of the necessary integrals can be calculated

efficiently in closed form algebraic expressions involving the special function,

Gm(T, U) =

∫ 1

0

dtt2m exp [−T t2 + U(1− t−2)] (m = −1, 0, 1, . . . ) . (23)

Although it is not obvious if there exist a universal scale length parameter rc,
the reported results are not very sensitive to rc [17,19].

V. MULTI-REFERENCE THEORY

The computational methods explained so far can be readily extended to the
multi-reference (MR) framework. For instance, the standard MR perturbation
(PT) wave function based on the complete active space self-consistent field
(CAS-SCF) reference state [20] is expanded into the configuration state functions
in the first order interacting space. They are generated by multiplying the spin-
free excitation operators ÊijÊkl (internal), ÊijÊak (semi-internal), and ÊaiÊbj
(external) to the reference function, where we used the redefined indices, i, j, . . .
denoting the active and inactive orbitals. The contributions of the different
subspaces have different convergence properties. It is expected that the internal
and semi-internal contributions saturate quickly for a fixed number of active
orbitals without high angular momentum. Hence the simple form of the MR
first order wave function is expressed as a sum of the components of the orbital

expansion |Ψ(1)
O 〉 and of the excitation by the short-range correlation factor,

|Ψ(1)〉 = |Ψ(1)
O 〉+ Ω̂fX |Φref〉 , (24)

where |Φref〉 is the reference wave function of CAS or its subset, and Ω̂fX is the
spin-free excitation operator of the rational generator in the external subspace,

Ω̂fX =
1

2
〈αβ| f̃ (short)

12 |ij〉EαiEβj . (25)
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The matrix elements over the rational generator are simply expressed by

〈αβ|f̃ (short)
12 |ij〉 =

3

4
〈αβ|f (short)

12 |ij〉 − 1

4
〈αβ|f (short)

12 |ji〉 . (26)

It is noted that the explicitly correlated part is constructed in the internally
contracted fashion. In the state-specific MRPT, the zeroth order Hamiltonian
is in the form [21],

Ĥ0 = P̂F̂P̂ + (Q̂ + R̂)F̂(Q̂ + R̂) , (27)

where F̂ is usually a spin-averaged Fock operator, and P̂, Q̂, and R̂ are
projectors onto the reference function, its orthogonal components in the given
basis set, and their residual, respectively. This choice, however, spoils the
faborable commutator form concerning Ĥ0, reflecting the incompleteness of
the current status of MRPT [22]. Anyway, the resulting energy expression by
the minimization of the Hylleraas energy functional is the conventional MRPT
energy plus a complete basis correction involving a sum over the states in the
first order interacting space. A further simplification is possible by assuming

Ĥ0 = P̂F̂P̂ + Q̂F̂Q̂ + R̂F̂R̂ , (28)

which is relevant to the extended Brillouin-type condition. The use of the
rational generator is advantageous in MR methods both in the formal and
practical aspects.
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